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PREFACE 
I 
In view of the range of subjects investigated, this thesis has 
necessarily assumed rather complicated form. This short introductory 
note is intended to explain why this form has been adopted and to make 
it easier for the reader to follow the text. 
The investigation falls naturally into two portions, the velocity 
of pressure waves in two-phase mixtures and the related choking flow 
phenomena. As experimental investigations have been undertaken only in 
the former, it is this topic which is dealt with first in the text. 
Chapters 1-4 are devoted specifically to the propagation of 
pressure waves, whereas any general discussions which are relevant to 
both'sonic velocity and critical flow, such as slip velocity ratio and 
heat transfer coefficient, are contained in the second portion of the 
thesis (i. e. Chapters 5- 8). The mathematical analyses have in general 
been confined to the appendices, except where an analysis is relatively 
simple and does not interupt the text unnecessarily. 
The first chapter introduces the subject of the sonic velocity in 
two-phase media and surveys the existing theoretical treatments. The 
predictions of the present theories for the velocity of sinusoidal, step 
and impulse pressure graves in one-component bubbly mixtures (Appendices 
A and B) are also discussed in this chapter. 
Chapters 2 and 3 deal with the experimental investigations into the 
velocity of pressure waves in airA ater and steam/eater mixtures 
respectively. Both chapters commence with a short survey of experimental 
techniques developed and results obtained by previous experimenters. 
The present experimental techniques are described and the results compared 
pith the theoretical predictions obtained in chapter 1. 
Little is known of the attenuation of pressure waves in two-phase 
media and it was for this reason that chapter 4 was included in this thesis. 
Relevant information has been gathered and. discussed with particular 
reference to the wave attenuations measured in the present experimental 
programme. 
Chapter 5 is intended as an introduction to the subject of choking 
flow in two-phase mixtures and contains an extensive survey of existing 
theoretical models of the phenomena. It becomes apparent that the slip 
velocity ratio is an important parameter within these theories and 
hence chapter 6 is a digression on. this subject. Following a brief 
literature survey, a mathematical model to determine the slip velocity 
ratio in a bubbly mixture is proposed and the predictions compared 
to existing measurements in air/water mixtures. 
In chapter 7, the basic assumptions and restrictions on the present 
analysis of non-equilibrium choking flow in two-phase one-component 
mixtures are discussed and the slip velocity ratio model described in 
chapter 6, is incorporated into the equations describing the critical 
flow model. Particular attention is paid to the choice of empirical 
formulae defining the two-phase frictional pressure drop and the heat 
transfer coefficient at the bubble (liquid interface, (Sections 7.2.1 and 
7.6). These two sections both contain a survey of -expressions used by 
previous authors and a graphical comparison. 
Having formulated the critical flow equations in chapter 7, chapter 8 
is devoted to the numerical solution and the discussion of the results. 
Because of the large number of flog parameters which exist in a two-phase . 
choking flow, section 8.2 contains a brief survey of experimental measuring 
techniques which enable the most important parameters to be correlated in 
Figures 39-146. 
The effects of non-homogeneous bubble distributions in a two-phase 
critical flow are discussed in section 8.5, where a bubbly/annular flow 
pattern is considered. Chapter 8 concludes with a section on supersonic 
critical flow in a one-component two-phase bubbly mix-Lure. 
A summary of the work covered in this thesis, together with the 
conclusions and suggestions for further work in this field, is contained 
in the final chapter. 
I 
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Introduction 
The sonic velocities in two-phase one- and two- 
component mixtures have been the subject of consit'-rable 
(1,2) 
investigation , this being prompted, principally, 
by 
its relevance to the choking flow phenomena in such 
(3,4) 
media 
It is expected that knowledge of sound wave 
velocities will lead to the development of an: acoustical 
method for the detection of nucleation within the primary 
coolant system of a nuclear reactor and also provide an 
alternative method of determining flow voidage in two 
(5,6) 
component systems Departures of a one-component 
mixture from thermodynamic equilibrium, during the propa- 
gation of a pressure wave, are also of interest in 
determining the rates of vaporization occurring in flash- (7) 
ing systems 
Due to the strong dependence on flow regime of 
the above phenomena and the improbability of obtaining a 
general solution for all phase distributions it has been 
necessary to restrict the present work to bubbly mixtures. 
The two major properties which influence the 
velocity of pressure waves in a two-phase one-component 
medium are the variation of medium compressibility and 
mass transfer between the phases. In an attempt to 
separate these two effects both air/water and stc: m/ 
water mixtures have been used in the present work. 
Existing literature tends to concentrate on the 
velocity of-large amplitude step or "shock" waves and 
2 
hence the "no mass transfer" sonic velocity in steam/ 
water mixtures and the "adiabatic" sonic velocity in 
air/water mixtures. To investigate heat and mass trans- 
f'er effects between the phases, the prcpagation velocities 
of sinusoidal pressure waves have been measured and by 
correlating experimental results with a theoretical 
analysis, based on conduction controlled rates of vapor- 
ization and condensation, an estimate made of the heat 
transfer coefficient of the bubble/liquid interface in 
such media. 
A theory is also presented for the propagation 
velocity of step and impulse waves which is found to 
(5) 
predict previous experimental results The "bulk" 
velocities of such waves are found to be markedly 
dependent on the "steepness" of the wave front and the 
time since the generation of the wave. 
3 
1 .1 Velocity of sound in air/water mixtures 
1.1.1 Literature survey 
The propagation velocity of. an infinitesimal 
mplitude pressure wave thrcugh an e1artic medium is known 
to be the sonic velocity, defined by the equation 
C =ýp fýtrf 1 .1 
where K, the compressibility, is the reciprocal of the 
bulk modulus of elasticity of the medium. 
A homogeneous two-phase two-component mixture can 
havea"density of the same order as the liquid phase and 
a'compressibility similar to that of the gas phase. 
From equation 1.1 it can be seen that this will lead to 
Sonic velocities, within the mixture, much lower than 
those found in either of the individual components. 
The compressibility of a medium is defined as 
H=- 1(LV) 1.2 
It is the evaluation of this expression which 
makes it possible to obtain many non-unique values for 
the sonic velocity. If the compression/expansion 
processes which occur within the gas phase are assumed 
to be adiabatic, the derivative(öV/öp' is evaluated at 
constant entropy. However, should the processes be 
isothermal, the evaluation is at constant temperature. 
In general the processes may be polytropic, in which case 
PVn = constant 
Probably the first analytical study of the 
velocity of söund in a homogeneous bubbly air/water 
8 
mixture was made by Mallock Assuming a mean 
T 
density of the medium defined by 
P 'ý a TJA 
(i 
- aJ ýW 
a mean bulk modulus of elasticity 
Eilt =cE4 (1C, ß-e) EA 
1.3 
1.4 
and using equation 1.1 the following equation for the 
sonic velocity was obtained 
CTP 1 -- vC f=1 e 1-5 
CA « 
\( CnoC 1ý%1 
This was shown to have a minimum value at c(= 
50%. 
(5 ) 
The same result was obtained by Barclay 
who also found equation 1.5 to agree with experimental 
results. (10 ) 
Wood derived an equation, basically the 
same as above in terms of the compressibility. 
C1° C°c Pa +(ý "ýc)Pw) 
(°' ý{q 4( -oc)\tw 
1.6 
1 o) 
This equation was used by Ifarplus to 
successfully predict experimental results. It was also 
indicated that for isothermal changes 
kp MP 1.7 
and for adiabatic 
Kp = IA 
The compressibility of the liquid phase was 
assumed to be zero. 
Re-writing equation 1.6, the sonic velocity in 
a two-phase mixture in terms of the individual sonic 
(11 
velocities of each phase can be shown to be 
N '4' 1- oý -Y lPA CA P.. cW 
5 
where for isothermal changes 
2 
CA = RT 
and for adiabatic 1.9 
2 
CA =Ö RT 
This expression was simplified by Henry and 
(12) 
Fauske by assuming the density ratio P /Q <C 1.0 W 
and the liquid phase incompressible . The resulting 
equation for the velocity of propagation of small ampli- 
tude waves in a bubbly mixture was 
C*e = 
(ý' +a (1- oC) PW 1'i 
` Pg J 
1.10 Cq 
In this case the difference between adiabatic 
and isothermal sonic velocity, is defined in the evaluation 
of CA (equations 1 . 9) . 
A more detailed analysis made by Gouse and 
Brown and based on thermodynamic considerations, led 
to the adiabatic velocity of sound in a low quality two- 
phase two-component mixture being given by 
CTP =ýpý"ý ixý 1.11 
CH 
ÖY 
1'iC 
x being the mass fraction (mass of gas/mass of mixture). 
The relation between the adiabatic and isothermal sonic 
velocities was shown to be 
Crn(ROCncýcrrýcý 
= ý-ýýa 
ý3 
?ý 
17 
CTP(I50'TH¢RhRL) (GY)W 
+x1"s. 
(c) , max 
0 
1.1.2 Velocity of srmll amplitude sinusoidal pressure waves 
It may be expected that high frequency sinu- 
soidal pressure waves will propagate at-the adiabatic 
^onic velocity and the lower frequency waves at the iso- 
thermal sonic velocity. However no theory has been found 
which considers the variatior of wave velocity over the 
range of frequencies at which the transition from adia- 
batic to isothermal behaviour of the gas phase is likely 
(13) 
to occur. Spitzer derived formulae to predict the 
propagation velocity of waves with frequency approaching 
the bubble resonance frequency. The very small range 
of voidages permissible in using these formulae 
(0 < oc <0 03) -: makes this theory inapplicable to the 
present work. Also the wave frequencies used in the 
present experimental work are much lower than the 
expected resonance frequency of the bubbles. 
(Section 1.3.1+) -- 
Using equations 1.1 and 1.2 the-sonic velocity 
in an elastic medium can be written 
C'. -Vl 1.13 
(a%ý) 
the evaluation of the derivative term being undefined at 
present. For a two-phase two-component system with no 
slip occurring between the phases, the average specific 
volume is defined by 
ý/ xVH +(1-x)V, 1.14 
where the quality (X) is constant for a given flow. 
If the gas phase is assumed to act polytropi- 
cally with index n for a given frequency wave, and the 
7 
liquid phase is considered incompressible then 
PVVn = Constant 
and 
ýp -0 
hence 'gip can be determined and equation 1.13 reduces to 
(1-o: ) of, 
1.15 
This result may also be obtained using equation 1.10 and 
assuming a low quality medium with the sonic velocity in the 
gas phase being given by an equation of the form of '. 9. 
i 
Gouse and Brown's prediction for the 
adiabatic sonic velocity, given by equation 1.11, reduces 
to the above equation (1.15) with n=1.0 which corres- 
ponds to the present isothermal sonic velocity prediction. 
However equation 1.12 indicates no significant difference 
between adiabatic and isothermal sonic velocities at mass 
fractions below 0.1 which contains the range of voidages 
used in the present experimental work. 
The variation of the polytropic index (n) of 
the gas phase from unity to a value of 1.4 (for air) 
with increasing wave frequency, has been studied by (14) 
Mawardi This will be discussed further in Chapter 2. 
The rate 'of heat transfer between the liquid 
phase and the bubbles determines whether adiabatic or 
isothermal conditions prevail within the Gas phase, hence 
the mechanisms which will be described in section 7.5 are 
probably significant. However, as the heat transfer 
coefficient of the interphase surface can only be estimated, 
it appears that at present, the relation between the 
polytropic index of the gas phase and the pressure wave 
frequency can only be determined empirically from experi- 
mental data. 
The two limiting curves of equation 1.15 (n=1.0 
and n=1.4) are shown in Fig. 1 for comparison with (10) 
experimental results 
1.2 Velocity of sound in steam/water mixtures (literature 
survey 
The sonic velocity in a two-phase one-component 
medium is less well defined than in a two-component mixture. 
The difference between the "adiabatic" and "isothermal" 
velocities of sound in an air/water-mixture, described in 
the previous section is small when compared to the range 
of "sonic" velocities which may occur in a steam/water 
mixture. 
In such a mixture the sonic velocity is defined - 
by the equations 1.13 and 1.14+. However, because of 
the possibility of mass transfer occurring between the. 
phases, the change in the specific volume of the mixture 
with pressure variations is given by 
6v 
= x. 
Il pN +(1-x) \ +(Vv -vr)( P1 1 . 16 ap -`l N-P 
It is the evaluation of the differential terms 
on the R. H. S. of this equation, which makes it impossible 
to define a unique sonic velocity for a given mixture, 
unless the thermodynamic state of the mixture is known. 
If no mass transfer is assumed to occur during 
the passage of the wave through the medium, then ýVZp 
=0 and the derivatives 3V3/ap and bj(. 13p are evaluated 
under isentropic conditions. This will lead to sonic 
9 
velocities of a similar order to those within a two- 
component mix tune. 
Should condensation or evaporation occur within 
the fluid, then Ox/gyp is finite and determined by the 
thermodynamic propertic^ of the mixture. The evaluation 
of the derivatives N3ý and in this case is 
uncertain and represents the main difference between the 
(15) (16) 
theoretical analyses of Karplus and Davis 
Karplus assumed isentropic conditions and was 
able to re-write equation 1.16 in the form 
-up ,ý1.17 vF y aý' äi' s sEýy c7P 
where \45 = kj-VF 
SFs _ s9 Sp 
the differential terms were determined by a graphical 
method using tabulated values from standard steam tables. 
The values of "equilibrium" sonic velocity obtained using 
the above equation were almost identical to the results 
given by Davis who evaluated the gradients 
ýVý/gyp 
and 
N-9/. 
'0O along the saturation line of the P. V. diagram. 
(ax//p) 
was calculated using the- basic laws of thermo- 
dynamics, i. e. 
The first law, for an isentropic change can be 
written 
5Q =SE4pb. v=o 
By definition h°E+ p3 
Hence combining the above two equations 
T 
For a two-phase mixture 
ý- X%% + (1 - X)tIP 
'; Ü- 
therefore 
(U\ c%hý ýC ri ý. rhg cox rp 7ý a 73F. 
substituting for 
kN Feh 
Ck I., 
( 
pJs hF9 hFg lp JSar~ h SIýýýESý 
1.18 
The terms on the R. H. S. were obtained using 
standard steam tables. The resulting values 
were used in equation 1.16 and hence the "equilibrium" 
sonic velocity calculated using equation 1.13. 
The no-mass transfer sonic velocity was 
(16) 
calculated assuming isentropic conditions to exist, 
the derivatives being obtained from standard tables using 
the expression 
C 
i' Js 
01VP 
Jr 1ýý1P\ P 1ý 1.19 
In practice, measured propagation velocities of 
pressure waves have been found to approximate more closely- 
to the no-mass transfer sonic velocity and hence this is 
the velocity which has been the subject of most analytical 
investigations. 
By considering a vapour continuous two-phase 
(17) 
system to act as an elastic medium, Deich calculated 
the propagation velocity of longitudinal elastic 
oscillations and hence showed that the no-mass transfer 
sonic velocity in such a two-phase system to be given by 
'- n f, CN,,, 1.20 xp1 
9 
wheren is the polytropic index of the vapour phase. As 
in this analysis, the initial fluid is assumed to be at 
rest, the phase velocities-shown in equation 1.20 are 
11 
induced by the passing of the pressure wave. Best agree- 
ment with experiment was obtained when the velocity ratio 
t1F/ug -- 0.0, i. e. when the water droplets are considered 
sufficiently large not -1-o be accelerated by tbo pressure 
wave. In this case equation 1.20 reduces t. i the sonic 
velocity in a single phase vapour medium. 
A more general equation was derived by 
(18) 
Dvcrnichonko for application at all mass dryness 
fractions (x). Using basic thermodynamic principles and 
again assuming x= constant the result obtained wasr 
CP 
NMS 1.21 p 1- 
P 
For small mass qualities and voidages such that cw fg << 
(1 -ýýp , this reduces to equation 1 . 15 
(n _ '6 ) which wLs 
derived for a two-component system. 
Other Russian authors have published work in 
(19,20) 
-" 
this field but this has been restricted to vapour 
continuous steam/water mixtures. 
(21) 
Grolmes and Fauske defined the "Homogeneous- 
frozen. " or no-mass transfer sonic velocity in a two-phase 
one-component system as 
r+1 
LNm% 
lF9 Cý c Cc 
1.22 
If the compressibility of the liquid phase is 
neglected and Cg is assumed to be given by an equation of 
the form 1.9, this also reduces to equation 1.15. 
Hence it can be seen that for low voidage media, 
the no-mass transfer sonic velocity in a steam/water 
mixture is almost identical to the adiabatic sonic 
velocity in an air/water mixture. From equation 1.15 
the ratio of the velocities is given by 
12 
CNM i" '61 \ Iý 
'/L 
1 
"2 
3 
GßýýAýpT4ý iiq 
vLý4i 
The isentropic index, 'yin a water vapour at 212°F is 
(22) 
Ös=1.33 and in air A=1.4 If 
VF and VW 
represent the specific volumes of water at 212°F and 60°F 
respectively, then numerically 
__n: 
1 
to 
C 
AN AitATIC 
1 . 2"'+ 
Although, as mentioned previously, exper-i. mental measure- 
ments have suggested that the majority of pressure waves 
travel at approximately the no-mass transfer sonic 
(12) 
velocity , propagation velocities significantly lower 
have been measured, indicating that some mass transfer 
occurs during the Bissage of various types of pressure 
waves through a two-phase one-component mixture. 
It is proposed that the velocity at which a 
sinusoidal pressure wave is transmitted through a steam/ 
water mixture will vary according to the frequency, at 
very low frequencies the fluid remaining in thermodynamic 
equilibrium and at high frequencies the pressure variations 
occurring at a sufficient rate to prevent mass tra. sfer 
taking place between the phases. 
1.3 Propagation velocity of small amplitude sinusoidal 
waves in a two-phase one-component mixture 
A theoretical analysis of the system, based on 
the two-phase flow equations derived in Chapter 7, is given 
in Appendix A. The perturbation technique, used to 
solve the equations, is well known and generally applied in' 
the solution of stability problems. 
In the analysis it is assumed that the initial 
13 
or ambient fluid 
is stationary with the two phases in thermo- 
dynamic equilibrium. It is also required that the medium 
is completely homogeneous with no slip velocity being 
induced between the phases by the passing of the pressure 
wave. 
Within a medium subject to these restrictions it 
is shown that the propagation velocity of a small amplitude 
sinusoidal pressure wave is given by: - 
i1 ýýsft 
SANE 
1+j 
_ 2ý' 
ýx ISpI* 
rcým+nýJý 
+i ýx,, 
, 
porn') 
mil 
1.25 
where i. R xV, s + VF g, - V9 
co mc `ýw_ n 
14 
and h i: defined by equation 7.43 (chapter 7). However 
due to the uncertainty of the relation between the frequen- 
cies of sinusoidal changes of quality and pressure 
(appendix 
A), it may only be relevant to obtain a constant value of 
h giving best correlation to experimental data. 
The two limiting velocities given by equation 1.25 
can be shown to be; - 
when w=o; us,, c- = xVi, -Vf- _G1.26 
(x 1 L1I + C1V9 N 1! fy 
and w= ono ;us, Ne x\'9 + 
V= CNMT 1.27 
ýx ý3-pIJ 
These predictions of sonic velocities in a steam/water 
medium are compared to the numerical results presented by 
(16) 
Davis in Fig. 2. The discrepancy between the predicted 
no-mass transfer curves is possibly due to the evaluation 
14 
of vý'ýIa as equations 1.27 and 1.13 are identical in 
form. In the present computations the differential terms 
were evaluated along the saturation line of the P-V 
diagram, using an empirical equation, the accuracy of which 
is discussed in section 7.6. Davis evaluated aV/ýp 
under isentropic conditions. 
1 .4 Propagation velocity of small amplitude step and 
triangular pressure waves in a two-phase one-component 
mixture 
Appendix B gives a tentative analysis for the pro- 
pagation velocities of step and triangular waves within 
such medium as discussed in the previous section. Due to 
the restrictions imposed on the solution in order for the 
Laplace Transformation to be obtained analytically, the 
results can only be valid for very low quality systems. 
The wave shape at time t after the initiation of 
the wave (t = o) are given by the expressions. 
Al 
$TEF 
L0 
erl_c C 
: ECA 1.28 
where 2-r represents the initial "time" thickness of the 
triangular wave and Ap, the initial wave maximum pressure. 
Fig. 3.1 shows the predicted change of shape of the waves. 
as they propagate through a two-phase medium. 
The above equations are only. valid for small 
amplitude waves (t/p «1) and hence do not include 
changes in wave shape due to compressibility effects, only 
wave dispersion due to the variation of sonic velocity and 
attenuation with wave frequency analysed in sections 1.3 
and 4.2. In many experimental investigations it has been 
assumed that the velocity of a step wave is characterized 
15 
by tII 
15elocity 
of the leading point or "foot'! of the wave-, 
front , however due 
to the difficulty in mathemati- 
cally describing this point, the above, equations can only 
be 
used to determine the velocity of selected points on the 
waveform. 
In the case of a step wave this point was taken 
to be the mid-point of the wavefront where 
dp =1 po /2. 
The velocity of this point was assumed to be the mean 
propagation velocity of the wave. 
Similarly the mean propagation velocity of a 
triangular wave was taken to be the velocity of the point 
on-the waveform where 
ailß4e = o, with L representing a 
maximum value. 
Applying the above conditions to equations 1.28 
yielded the propagation velocities =- 
Usrvp 9 C. 1" 29 -. 
Jüý 
1- 4- C NW 1.30 
IMF 
It can be seen that the velocity of the waves 
is predicted to continuously decrease with time elapsed 
(and hence distance) since the generation of the wave. 
The point t=o represents a singularity within 
the equations and hence the solutions cannot be valid for 
very small time intervals. 
Despite the restrictions made on the application 
of equations 1.29 and 1.30, they will be shot,, in section 
1.4.3, to give an estimate of the velocity of small rare- 
faction waves in very low quality two-phase one-component 
systems. 
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1'. 1+. º Heat transfer coefficient within this type of wave 
The constant b in equations 1.29 and 1.3© is 
defined by: - 
V5 
xI aP i hFý3 
where h is a heat transfer coefficient. 
As no slip velocity occurs within the assumed 
system, the heat transfer across the bubble surface is 
(83) 
probably given by the theories of Carslaw and Jaeger 
(56) 
and Edwards (section 7.5.1). In the physical system it 
is likely that, due to the change of wave shape, the value 
of h will vary as the wave proceeds through the medium. 
A constant value of h was used. in the theory presented here 
so representing a mean heat transfer coefficient. 
(7 ) 
Under such conditions it was suggested by Dickson 
that the average heat transfer coefficient in a flashing 
flow was of the order 1.0 BTU/Ff2sec°F. 
1.4.2 Frequency spectra of waves 
Another possible approach to determining the 
velocity of propagation and change in shape of a pressure 
wave in a two-phase system is to consider the frequency 
spectra of the wave. Fig. 3.2 shows the frequency spectra 
of 'a step wave and an impulss wave (which is the limiting 
case of the triangular wave previously analyzed). 
A step wave can be seen to have mainly low 
frequency components and hence will be expected to propagate 
at a speed characteristic of low frequency waves. 
The frequency spectrum of an impulse wave is a 
straight line indicating equal proportions of all frequencies. 
However the attenuation of a sinusoidal pressure wave has 
been found to increase with frequency 
(chapter 4) and 
hence the higher frequencies will have little effect 
after the wave has travelled a short distance. Comparing 
'he two frequency spectra shown in Fig. 3.2 and assuming 
the corresponding step and impulse waves (of equal 
initial amplitude) to have propagated sufficient distance 
to make all frequency components above f' negligible, 
then it can be seen that the "bulk" of the impulse 
wave will travel at a higher velocity than the "busk" 
of the step wave, since a greater proportion of the wave 
amplitude consists of frequency components approaching fl. 
In a two-component (air/water) system the varia- 
tion of sonic velocity with wave frequency is small 
(section 1.1) and so wave dispersion due to the above effect 
will be much less than in a one-component (steam/water) 
system. 
It is considered that before this method of 
estimating the propagation velocity of pressure waves in a 
two-phase system can give reliable results, more accurate 
knowledge must be. gained of the attenuation of sinusoidal 
pressure waves in such systems. 
1.1+. 3 Experimental verification of theoretical approach 
Equation 1.29 and 1.30 are only valid for small 
pressure waves which are less than required to condense all 
of the vapour phase and therefore cannot be used to predict 
(15) 
the results of Karplus This condition also means that 
in very low quality media the equations are probably more 
applicable to rarefaction waves. The reason for this is 
probably that the variation of sonic velocities$character- 
istic of the range of voidages'which exist within the wave 
1o 
approaches zero. This will lead to c--lirge ive-l distortion 
of the wave due to "compressibility" effects which are not 
included in the analysis. 
The propagation velocities of rarefactic, n step 
(5) 
waves in steam/water mixtures were measured by Barclay 
Equation 1.29 can be re-written as 
US, 
- 4 
(O'ýý_ CNMT)1 
bf 
1.31 
USTEP now represents the velocity of the wave at a distance 
j along the flow, the wave having the form of a pure "stop" 
wave, at the position Q= o. The velocities measured (5) 
experimentally were the average over the first 1.5 ft. 
of the distance travelled by the wave. Fig. 4 shows the 
experimental results together with velocities predicted 
using the above equation at Q=0.75 ft. and atmospheric 
pressure. The value of 
.h 
giving the best correlation was 
between 0.5 and 1.0 BTU/ft2see0F. 
The equation for the velocity of a triangular wave 
in a two-phase. one-component medium (equation 1.30) may 
similarly be written: - 
ý' E 1.32 
In the present experimental system (section 3.1) 
the velocity of a wave was measured over a fixed length of 
9 inches which was approximately 6 inches from the point 
where the generated waveform entered the two-phase mixture. 
This implies that the wave had propagated a distance of 
approximately 9 inches before the velocity was measured. 
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Substituting this value of C into the above equation yields 
the curve shown in Fig. 4. Experimental measurements of 
the velocities of rarefaction peaks are also shown. 
For reasons which will be- discussed in chapter 3, a 
significant spread of data was obtained. Nevertheless the 
measured velocities are of the same order as predicted by 
equation 1.32 with h=0.5 BTU/ft 
2see0F. 
Experimental verification of equation 1.25 for 
the velocity of sinusoidal pressure waves in a two-phase 
steam/water mixture constitutes the major part of the 
experimental work reported' within this thesis. 
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-Ex 2 "#IIýAIº' ýLfýfi OF' P1ÖpAÄTIÖO VELOCITYI OF . `SMALL' 
rý 
AMPLITUDE ý WAVES' -IN AIR WATER , BUBBLY ° MIXTURES 2 "F rx,: vz =' 
2.1 Sirw»nai. clai pressure waves 
This experimental work was carried out principally 
to develop techniques of propagating and detecting sinusoidal 
pressure waves through a two-phase mixture, in order to 
apply the systems to the steam/water experimental apparatus 
which will be described in chapter 3. Also the results 
obtained enable a distinction to be made between compressi- 
bility and. mass-transfer effects occurring within a steam/ 
water mixture. 
(13) (10) 
Silberman and Karplus measured the sonic 
velocity in air/water mixtures using standing wave tubes. 
The methods involved the use of an accelerometer or 
pressure transducer which could be moved through the medium 
in order to detect the nodes of vibration. Measurement 
of the wave length yielded the phase velocity for a given 
frequency wave. Due to the high attenuations experienced 
in two-phase media, the method was only of use at very low 
(10) 
voidages. However, Karplus measured wave velocities 
at higher voidages by varying the distance between the 
wave transmitter and detector until the signals from both 
displayed on a C. R. O. resulted in a collapsed Lissajou 
figure. This indicated that a distance of'one wave length 
existed between the two transducers. 
(13) 
Silberman detected no change in, the sonic 
velocity within the range of frequencies 100 - 1,000 cps (10) 
at very low voidages, whereas Karplus detected varia-L- 
tions in velocity of up to 20%, over the same range of 
frequencies at higher voidages. This was assumed to be due 
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to the presence of detergent within the Clow, which was added 
to maintain the bubbly characteristics of the flow, in the 
, 
latter experimental work. It should be noted that although 
Silberman aorlzed with very low voidage flows, the average 
bubble size was much larger than used by Karplus. 
The present air/water investigation will endeavour 
to reproduce the results of these previous authors and 
indicate that a variation of propagation velocity of a 
sinusoidal wave with frequency is the result of the change 
in behaviour of the gas phase from isothermal to adiabatic, 
as previously proposed in section 1.1.2. 
2.2 Experimental apparatus. 
A diagram of the apparatus is shown in Fig. 5.1. 
Known mass flow rates of air and water were supplied to 
the mixing section. Within this section the air passed 
through a porous cylinder into the main water flow. This_ 
was found sufficient to provide a homogeneous distribution 
of bubbles of approximately uniform size Fig. 6.1). The 
main section, a vertical 12" O. D. perspex tube, had affixed 
two crystal pressure transducers spaced a distance of 2 ft. 
apart. A short branch tube 1" O. D. connected the vibrating 
system to the main section. To prevent bubbles from 
accumulating in the branch tube, it was inclined at an 
angle to the main section. Having passed through the 
test section, the mixture was separated and the water 
: ---recirculated . 
2.2.1 Generation of wave 
A vibrating system was required capable of produc- 
ing fluid displacement amplitudes up to 0.1" on account of 
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the ranges of voidage 
to be investigated. 
, ýf using an electroma 
(13) 
used by Silberman 
and wave frequency (30 - 100 cps) 
This eliminated the possibility 
gn: ticaily driven diaphragm as 
(10) 
and Karplus 
The system shown in rig. 5.2 was devised. 
A light aluminium piston in a brass cylinder of equal 
diameter to the branch tube, the piston being driven 
by an electro-mechanical vibrator. To prevent the 
fluid pressure on the piston from inhibiting the 
sinusoidal motion of the vibrator, a spring was inserted 
behind the piston. Once the required voidage was 
obtained in the main section, the piston settled to an 
equilibrium position determined by the characteristics 
of the spring. On connecting the vibrating system 
the piston moved about this equilibrium position. The 
spring was made so as to ensure a low natural frequency 
and hence minimal effect on the vibrator. A build 
up of pressure behind the piston was prohibited by 
attaching a small bleed line. 
The whole vibrating system was connected to the 
branch arm of the main section with a thin rubber sleeve, 
so inhibiting vibrations from travelling through the Per- 
spex walls of the main section to the pressure transducers. 
The effectiveness of this could be verified by lowering 
the water level below the upper pressure transducer so 
causing the transducer signal to disappear and indicating 
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that the pressure waves were confined to travel within the 
fluid . 
Darin these "; "experiments " i, -'- 8. x; ý_, standing waves did not 
occur within the test se, ý; ýion. This was probably due to 
the large attenuations of pressure waves, which occur in a 
two-phase mixture within the range of working voidageb. 
2.2.2 Detection and measurement of wave velocity 
Signals from the two pressure transducers could 
be displayed simultaneously on either a C. R. O. or TT. V. 
recorder. Measurements from the display on the C. R. O. 
required the use of a camera and trigger mechanism. 
Although this produced acceptable results, sample photographs 
being shown in Fig. 7.1, the U. V. recorder was favoured 
. as 
ä: 
TgreaterLlateral'Jspread- of 'the tran'sdüöer' Pgignalstw - p'o' 
ý-- 
: ible: -1 However, variations in the 'trPaPer, ¬,; speed of' the 
recorder resulted In some loss of this accuracy. 
The majority of results shown in the following 
sections were obtained using a storage C. R. O. This 
allowed for easier, faster and more accurate measurements 
to be made. Unfortunately no camera was available with 
which to photograph the screen of this C. R. O. and hence 
permanent records (i. e. Figs. 10 and 22) were traced 
manually from the screen. 
Measurement of the phase shift between the two 
sinusoidal signals gave a direct indication of the 
velocity'of the pressure wave along the test section. 
Due to the possibility of phase shifts greater than one 
wave length, a system of identifying a given pressure 
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wave had to be developed. 
[Two sinusoidal; ýinpixt signals of near equal frequency 
pp in'an'. oil ii sinuso d fi a 1iedito. the, vibrator_resulted:, fn'a ^_ý Ti 
pressure wave, the arnpl. _tude of which varied 
at a frequency equal to '; he difference of the two input 
signals. This system was rejectedas, tn order to detect 
a given wave , the "beat" frequency was required to* 
be 
at least one tenth of the main wave Frequency. It was 
thought that this may infliýence, significantly, the wave 
propagation velocity. 
It was found that by switching off the vibrator, 
the resulting attentuation of the pressure wave was 
sufficient to identify the same pressure wave on both 
transducer signals. A typical photograph of the C. R. O. 
trace is shown in Fig. 7.2. 
2'. 2.3 Voidage measurements 
The voidage was measured using ö -ray attenuation. 
A single shot, split beam technique was used and found to 
give a good estimate of voidage regardless of radial 
variations of bubble density. A detailed description of 
the system is given in references 24 and 25. 
Knowing the specific mass flow rates of the air and 
water, the liquid velocity and the slip velocity ratio 
could be. calculated using the voidage measurement. 
2.3 Factors affecting velocity of pressure wave measurements 
2.3.1 Velocity of sound in a moving- fluid 
(11) 
It has been shown that a pressure wave moves 
through a stratified two-phase flow at a velocity 
relative to a weighted mean velocity of the fluid. 
Le ii. uavs =utC sir 
( U- «C 
) 1" t 
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Where t, ý l, lApnýI-a Uw Pýcx 
However, the validity of defining a sonic 
velocity in a stratified flow 
( GStRRT, , has been 
questioned and it appears likely that a pressure wave will 
move independently through each phase. Neverth2, less, 
if the two-phase fluid is completely homogeneous with both 
phases moving at equal velocities it may be -- 
expected that 
uWaX =u cNa, ao 2.2 
It has been assumed in the present work that 
D. 
can be replaced by the liquid velocity UW. 
Voidage and flow quality measurements in the 
vertical air/water flow used in this experimental work 
have indicated slip velocity ratios, between the phasessup 
to 1.5. By comparing equations 2.1 and 2.2, this may lead 
to maximum errors In the measured propagation velocity of 
U11 (o "-1 
)ft. /sec. (when oC is small). The maximum fluid 
velocities used in the present series of experiments were 
of the order of 3 ft. /sec., hence maximum errors of 2 ft. / 
sec. may be obtained by assuming pressure waves to travel 
relative to the liquid phase velocity. 
2.3.2 Velocity of pressure 'caves in tubes 
The velocity of sound in a fluid confined to a pipe 
(22) 
is lower than the sonic velocity in an infinite medium 
(13) 
Based on work by Lin and Morgan, Silberman suggests that 
sound waves can be considered plane if the wave length is 
greater than twice the pipe diameter. At wave frequencies 
of 100 cps the velocities of sound measured in this experi- 
mental investigation were greater than 100 ft. /sec: 
Therefore the minimum wave length*is given by 
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u/ 1.0 t. 2.3 
6 
The effect of viscosity, near the tube walls, 
on the propagation velocity of a wave has been shown by 
(21 
Rayleigh to be 
urive (12.11 c ý`° \1 r, P1 
In a two-phase system, the average viscosity 
and density can be defined as 
/LTr J"ýw(1 +z5aý 
(recý. 
zöý 
PIP O: Dn i" 
(1 
Substituting the relevant values for an air/water 
system at atmospheric pressure it can be shown that: - 
1 -3 T) 
I 
TI. F PI-F, 
10 i= 30 gas 
Hence this effect is considered negligible. 
It is therefore concluded that the measured 
propagation velocities of small amplitude waves in the 
present apparatus will be essentially the same as in an 
infinite medium. 
2.3.3 Surface tension effects 
(10) 
It was supposed by Karplus that the variation 
of sound velocity with frequency, which he detected, may 
have been the result of surfac3 tension effects induced by 
the addition of detergent to the flow. 
(29) 
Theoretically McWilliams and Duggins studied 
the effect of surface tension on the speed of sound in 
bubbly mixtures and concluded that for bubbles of radii 
greater than 10-2 inches this effect was negligible. It 
is therefore possible that Karplus was correct in his 
supposition as bubbles of average radius 2x 1U-3 inches 
were used in his work. n the present experimental work 
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the hubbies can be seen (Fig. 6) to he of the order of 
10"1 inches and hence it is assumed that surface tension 
has no significant influence on the measured velocity 
of pressure waves through the medium. 
2.3.4 Bubble resonance'irequency 
It has been found that the natural vibrations of' 
the bubbles in a two-phase mixture have a marked effect on 
the velocity at which a pressure wave is transmitted, 
particularly when the wave frequency approaches the rason- 
(13). 
ance frequency of the bubbles If the wave is 180° 
out of phase with the oscillations of the bubble and of 
the same amplitude, then it is possible that the fluid 
will become virtually incompressible and hence an infinite 
(30) 
velocity of sound will be recorded 
The experimentally proves, formula for the reson- 
(31 ) 
ance frequency of a spherical bubble is 
Z1i fR - 
(r)¼ 2.5 
For an air bubble in water at atmospheric 
pressure and under isothermal conditions, this reduces to 
= 18ýd (where d is measured in ft. 
) 
The average size of bubbles shown in Fig. 6.1 
is 0.1", or approximately 10_2 ft., in diameter and hence 
the resonance frequency of these bubbles will be of the 
order of 2,000 cps. The natural vibrating frequency of, 
spheroidal gas bubbles and of spherical bubbles close to 
a rigid surface have boon shown to be greater than the 
(32) 
resonance frequencies previously discussed For 
spherical bubbles in contact with the pipe wall, it 
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appears from these results that bubble pulsation frequencies 
50% greater than given by equation 2.5 may be experienced. 
2.3.5 Tube radial vibrations 
In the present air/water experiments, the pressure 
*""aves were transmitted along a fluid flowing in a perspex 
pipe, hence the elasticity of the pipe was such that it may 
be necessary to apply a correction to the measured propa- 
gation velocity of the wave. 
(13) 
This correction is given by 
MERSt19. ED ý' 
U 
oo 1+ 
EM 
1 
1/4 
2.6 
when EM is the average bulk modulus of elasticity of the 
fluid (given approximately by equation 1.14) and E the 
modulus of elasticity of the Perspex tube wall. D and y 
are the flow tube diameter and wall thickness respectively. 
Assuming that the bulk modulus of the liquid 
phase is much greater than that of the gas phase, equation 
1.4 reduces to 
EMS a. 
P (P is the absclute pressure) 
(22) 
On obtaining Young's modulus for perspex it can 
be shown that in the present system 
Em 
^, o(10"5) 
[ ia. of Ehe orUr of 10*'b 
1 
D 
From the dimensions of the test section y -- 0(10) 
Hence from equation 2.6 it is unlikely that radial 
vibrations of the tube walls will significantly affect the 
propagation velocity of a pressure wave through the mixture. 
2.3.6 Tube transverse vibrations 
During the measurement of the propagation of a 
sinusoidal pressure wave, the main bubbly flow was subjected 
to vibrations of known frequency via a small branch arm 
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(section 2.2). It was, therefore, possible that the 
test section would vibrate transversely giving a false 
indication of wave shape and velocity on the pressure 
transducers. This was most likely to occur when the 
Frequency of vibration coincided with the natural frequency 
of a length of test section between supports. This effect 
was avoided by securing the test section, at four points 
along its length, to a vibration free Rolled Steel Joist. 
With the aid of the storage C. R. O. it was verified 
experimentally that the natural frequencies of all the 
sections of the apparatus, likely to affect the transducer 
readings, were much higher than the range of wave 
frequencies investigated. 
2.4 Experimental results 
"s 
The experimental data showed a variation of propa- 
gation velocity of sinusoidal pressure waves with frequency- 
Fig. 8). However, the range of velocities measured was 
greater than predicted by the theory given in section 1.1.2 
which indicates that this effect is not due entirely to 
the variation of polytropic index of the gas phase. 
The maximum wave frequency for which the propag- 
ation velocity could be measured was determined by the wave 
attenuation. At voidages above 20% this maximum was 100 
cps. At lower voidages no significant increase in 
velocity was measured for wave frequencies between 100 - 
150 cps. 
(14+ ) 
It was suggested by Mawardi that the transi- 
tion from isothermal to adiabatic behaviour of an enclosed 
volume of gas occurs within the frequency range 
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ý"1 <ý V j0 (V and S measured in c. g. s. units) 
S 
wvhsoro S denotes the surface area of the enclosure con- 
taming a volume V of gas. 
Vr 
For a spherical bubble S3 (r in cros 
Hence for bubbles of diameter 0.1 inches the frequency 
range suggested is 
5<f<500 
(io) 
For smaller bubbles, as used by Karplus , the 
transition is expected to occur within a higher frequency 
range, and therefore may be one of the reasons for the 
measured variation of sonic velocity with frequency (Fig. 1). 
However, it has been shown in section 2.3. ) that surface 
tension could also account for this variation. 
In the present experimental work propagation 
velocities higher than the "adiabatic" sonic velocity were 
measured (Fig. 9) indicating the effect of 3oMO 
phenomena other than the variation of'polytropic index of 
the gas phase. 
The fluid pressure mid-way between the two 
pressure transducers on the main section of' the apparatus 
was determined using a water , ianometer. This was taken 
to represent the mean pressure of the mixture within the 
test section and indicated an average pressure of 17 p. s. i... 
varying ±jp. s. i. with flow rate (3 ft/sec) and voidage. 
At low voidages changes in wave amplitude 
resulted in a maximum variation of propagation velocity 
of ddb. At higher voidages such measurements were not 
possible as the waves were restricted to a small range of 
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amplitudes, determined by the wave attenuation and the 
maximum permissible amplitude of the vibrating system. 
Each data point in Fig. 9 represents the measured 
propagation v'. locity of a wave with initial anrpli: ude such 
that it was just detectable at the upper transducer. 
Slight distortion of the waveform was observed particu- 
larly at high voidages and high wave frequencies where 
increased wave attenuation required a larger initial wave 
amplitude. The magnitude of the pressure waves was in 
all cases much less than 1.0 psi, and hence it is impr. ^bablo 
that this is the cause of the high measured velocities. 
In order to investigate, Further, possible causes 
why the measured propagation velocities are higher than 
the theoretical "adiabatic" sonic velocity, the propaga- 
tion of small impulse (or triangular) pressure waves 
through the same medium were studied. These waves were 
expected to travel at the adiabatic sonic velocity. 
2.5 Finite impulse pressure and rarefaction waves 
In a compressible single phase medium it is known (33) 
that a finite pressure wave will steepen and eventually 
become a "shock" wave, which propagates at a speed greater 
than the sonic velocity within the fluid. (34) 
Campbell and Pritcher showed analytically 
that within a two-phase two-component mixture "shock" 
waves travel at 
,a 
speed given by 
`^uS, IOCK = 
P1 c 
2.7 
where P. and P2-represent the fluid pressure on either side 
(34+) (35) 
of the wavefront. This'has been verified experimentally 
q'' J 
(Fig. 12). In the present investigation impulse waves 
have been generated instead of "step" waves as studied by 
other authors. These impulse waves have been of 
re)atively small amplitude ( <1 Psi, ) and so will not propa- 
gate at a velocity significantly greater than the sonic 
velocity in the medium. It is, therefore, anticipated 
that the velocity of this type of wave will verify the 
adiabatic velocity of sound as predicted by equation 1.15. 
2.5.1 Modifications to wave generator 
The cylinder/piston system as described in sect, _o-.. i 
2.2.1 was modified to enable the generation of both presure 
and rarefaction impulse waves. 
The electro-mechanical vibrator was disconnected 
and the piston support spring, as shown in Fig. 5.2, 
replaced by a considerably stiffer one. To generate the 
wave, the piston rod was pulled manually to compress the 
spring and then released. 
For the propagation of a rarefaction wave the 
spring was placed around the piston rod against the back 
surface of the cylinder and hence the reverse action was 
obtained. 
As these systems were manually operated, the 
amplitude and steepness of the wave could not be determined 
before the wave was detected by the lower pressure trans- 
ducer. 
2.5.2 Shape of waves 
Sample traces from the C. R. O. screen indicating 
the change in shape and the velocity of the pressure 
impulse and rarefaction impulse waves are shown in Fie. 
10. 
I3 
The wave shape is basically triangular, the height or 
amplitude representing pressures less than 1 p. s. i. above 
- the ambient pressure and tim wave 
"thickness" representing 
a time interval of apprcximately 14 m/secs. 
Slight changes in wave shape were detected as the 
waves progress along the flow, the pressure waves steepening 
and the rarefactions becoming less steep. However, as can 
be seen from the results (Fig. 11) this did not signifi- 
cantly affect the measured %, iave velocity. 
The principal impul. ie eaves were followed by a 
smaller wave of the opposite sense. When the pulse was 
generated in a single phase liquid medium, the main wave 
and the trailing wave were of the same magnitude, indicat- 
int that this is caused by the action of the wave genera- 
tor. The fact that the trailing wave became less signi- 
ficant with increasing voidage is probably due to an 
effect of the compressibility of the medium. 
This point: will be discussed in section 3.5 when 
the shape of an impulse wave in a steam/water medium is 
examined. 
2.5.3 Experimental results 
Experimentally measured propagation velocities 
are shown in Fig. 11 for varying flow voidage. Within 
the spread of experimental data$inherent in these types of 
measurement, (Figs. 11 and 19) no significant velocity 
variation was detected with changes of-wave amplitude or 
fluid velocity. Also pressure and rarefaction impul--c 
waves were found to propagate at approximately the same 
velocity. 
The results can be seen to be noticeably 
higher 
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than predicted for the adiabatic velocity of sound 
(equation 1.15) at a fluid pressure of 17 p. s. i. 
The distribution of experimental points relative 
to this sonic velocity curve appears to indicate that the 
fluid pressure has been underestimated. As mentioned 
previously, the pressure within the test section was found 
to vary by less than + '1 .0p. s. i. for varying flow rates 
and voidages. 
By considering the mechanics by which a pressure 
wave steepens and a rarefaction wave becomes less steep 
(33) 
when travelling through a compressible medium , the 
velocity calculated by measuring the displacement between 
the "peaks" of pressure waves, (either impulse or sinu- 
soidal, Fig. 7,10) will be the sonic velocity correspond- 
ing to the fluid pressure of P +' p, where P is the 
initial or ambient fluid pressure and &p is the amplitude 
of the pressure wave. In the present experiments the wave 
amplitudes were less than 1 p. s. i. and so this may account 
for small deviations from the sonic velocity curve, but not 
tho large deviations measured. 
When considering the propagation of waves through 
a homogeneous bubbly mixture, if the two phases are at 
different pressures, it is probably the pressure of the gas 
phase which determines the wave velocity. This is because 
the properties of the gas phase are more pressure dependent 
than the liquid phase, which is generally assumed incompres- 
sible. 
Although an excess pressure within the bubbles 
would account for the measured discrepancy between 
theoretical and experimental results, it is difficult to 
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explain such a pressure difference, for as noted in section 
2.3.3, the bubbles within the present system were 
sufficiently large to neglect surface tension effects. 
The same deviation of experimentally measured 
velocities of "shock" waves from theoretical predictions 
(35) 
was noted by Hamilton Nyer and Schrock (Fig. 12). 
The apparatus used to obtain experimental data was simi- 
lar to the present system inasmuch as the bubbly air 
water mixture was flowing vertically under steady condi- 
tions and the voidage measured using --ray attentuation 
techniques. This suggests that the discrepancy between 
experiment and theory at higher voidages is caused by the 
properties of the flow. 
The accuracy of voidage measurements using the 
present system (section 2.2.3) has been checked by compar- 
(25) 
ing with results obtained using a double valve technique. 
It is indicated that errors of up to 5% voidage may be 
incurred, which possibly explains the spread of results, 
particularly at low voidages. A similar error will. also 
occur in estimating the flow velocity, as this was obtained 
from the water flow rate usin, "; the equation: - 
G,, =u., pr, (I-«) 2.8 
Due to the small liquid velocities used in the 
present work the error in Uw will be negligible when 
compared to the measured wave propagation speeds. 
lt was considered that the existence of a slip 
velocity ratio between the phases may effect the wave 
velocity. As the experimental points in Fig. 11 show 
no noticeable variation with fluid velocity and hence 
3G 
slip velocity ratio (Chapter 6), this effect must be 
small. 
The two-phase flow in the test section was 
observed to be bubbly fr.. voidages up to 30%, however at 
the higher voidages, pulsations of the flow were noted. 
It is probable that under such conditions the visible 
bubbly flow near the tube wall concealed "slug" formation 
in the tube centre. The range of flow properties (mass 
flow rate and quality) used in these experiments are 
shown in the flow map for vertical air/water systems 
(I`ig. 36.2) . It can be seen that "slug" flow may occur 
at the larger voidages. 
The velocity of sound in a two-component "smug" 
(12) 
flow, is given by 
Cswcr 
= 
GwCA 
2.9 (1- a) G, -+- a G, 
Hence CA < CsLG < CN 
The derivation of t'he above equation was based on a flow 
pattern consisting of alternate regions of gas phase and 
liquid phase. If the flow pattern is alternate regions 
of high (MAX) and low (MIN) voidage, such as occurs in the 
observed pulsating flow, and if it is assumed that each 
region is equal in length, then equation 2.9 can be 
written: - 
GMFAN CM, x CM1p4 2.10 
CMAx CMjN 
In this case the 16-ray technique for measuring voida; e 
will record c, where 
ý` ýMgx + M, N 
z 
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However, due to the non--linearity of the variation of sonic 
velocity with voidage, the velocity of a wave passing 
through the medium will be greater than, the sonic velocity 
corresponding to a hömögeneous yoidäge 
G( 
.j 
The presence of non-homogeneities within a visibly 
bubbly flow will, therefore, increase the propagation 
velocity of a wave significantly and is probably the 
reason why velocities greater than the adiabatic sonic 
velocity in a homogeneous mixture were measured in the 
present experimental work. 
2.6 Summary of experimental results obtained using lair 
water systems 
The variation of propagation velocities of 
small amplitude sinusoidal waves were measured, with 
frequencies from 30 c. p. s. to 100 c. p. s. Within the range 
of experimental accuracy, at low voidages ( <10%) the 
measured velocities were between the "adiab<ttic" and'"-so- 
thermal" sonic velocities of the medium. This indicates 
that the variation of polytropic index of the gas phase 
with wave frequency may be an important factor when predict- 
ing the velocity of sound in two-phase media. 
At voidages greater than 10%, it is possible 
that non-homogeneity of the mixture resulted in the high 
propagation velocities measured in this experimental (35) 
work and also that of other authors 
A study of the velocity of small amplitude impulse 
waves through the media, reinforced the above conclusion and 
also indicated no significant difference between the 
behaviour of impulse and stop waves (Fig. 11 and 12). 
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The systems for generating, detecting and recording 
the pressure waves, in this series of experiments, were 
considered satisfactory and were hence transferred to the 
steam/water system described iii the following chppter. 
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AMPLITUDE! WAVES IN STEAM/WATER BUBBLYr MI 
VELOCITYTOF SMQLI, 
,1 
Many of the previous experimental studies into the 
sonic velocity in two-phase one-component mixtures have 
been carried out using wet steam or at least very high 
quality mass flows. In such media the mixture can 
generally be assumed to be in thermodynamic equilibrium 
The present experimental programme deals with low 
quality steam/water flows where the vapour phase 'is 
distributed as bubbles within the liquid phase. 
Previous measurements of the velocity of a, pressure 
wave in a liquid continuous, steam/water flow have shown (5)(15)(21) 
that this medium may or may not be in equilibrium 
possibly depending on the shape of the wave. 
In section 1.2 it was hypothesised that the velocity 
at which a wave is transmitted through a medium depends 
upon the degree of equilibrium or 'fraction of equilibration' 
attained by the fluid within the wave, this being controlled 
by the rate of heat transfer between the liquid phase and 
the bubble surface. 
This experimental work is intended to verify this 
approach to the problem of thermodynamic non-equilibrium 
in bubbly one-component flows and hence lead to a better 
understanding of the heat transfer coefficient of the 
bubble/liquid interface. 
3.1 Description of steam/water apparatus 
The basic reqi. irement of the apparatus was that it 
should produce a homogeneous bubbly mixture in thern: o-- 
dynamic equilibrium. A flow of near saturated water 
4o 
which flashed due to the pressure gradient along a pipe 
provided the homogeneous mixture, the flow rate being 
sufficiently high to prevent phase separation. 
The flow map shown in Fig. 36.1 indicates that in a 
horizontal steam/water system, at atmospheric pressure, 
the required specific mass flow is greater than 700 lb/ft2 
sec, however due to the inclination of the test section it 
was found that a flow rate of approximately 500 lb/ft 
2sec 
maintained a homogeneous distribution of bubbles. 
Thermodynamic equilibrium was ensured by inclining 
the test section to the horizontal such that the two-phase 
frictional pressure drop became equal to the static 
pressure rise, resulting in zero pressure drop along the 
section. 
Using the empirical equation for the two-phase 
frictional pressure drop (equation 7.15), this condition 
can be written 
Pc(1-«ýys: na-zDu"pFýl+id°`ý 3.1 
Hence, for a given angle, 9 , there 
is a unique value of 
voidage which can be ottained for a given initial fluid 
velocity (u0). 
By substituting approximate expected values of the 
variables- into the above equation it can be shown that a 
near vertical test sectiou is required to satisfy tai i 
condition. In practice, it was found that a test section 
angled at 700 to the horizontal provided a, sufficient 
range of 'equilibrium' voidages. It must therefore be 
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assumed that the expression for the frictional pressure 
drop may not be accurate for very low voidage flows. 
A further advantage of the angled test section was to 
reduce the slip velocity ratio to near unity. Comparison 
with predicted values in an air/water system (section 6.4, 
Fig. 31) shows that in flows angled at 700 down from the 
horizontal the, slip velocity ratios are small and possibly 
less than unity. In view of this it was considered that 
the flow was completely homogeneous. 
A diagram of the apparatus is shown in Fig. 13. 
Water, driven by the centrifugal pump, flowed through the 
heater and flashed as the flow passed through the wire 
mesh at the top of the test section. Flashing was 
initiated either by the pressure drop across the mesh or 
the turbulence induced within the flow by the mesh. The 
inclination of the test section, as previously discussed 
was such that no further flashing took place until the flow 
entered the condenser, after which the water was 
recirculated. 
The test section was the same in principle as the 
air/water apparatus, (section 2.2) although it should be 
noted that the pressure wave travels in the opposite 
direction to the fluid flow, increasing the effective 
, '. istance between the transducers. 
Copper tube J"I. D. was used in the construction of 
the test section, the pressure transducers being mounted 
if 
on the tube a distance 9.25 apart. The high attenuations 
experienced by a wave in a steam/water medium made this 
distance the maximum which enabled detection of the Pressure 
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wave at the upper transducer, over an acceptable range of 
voidages. A6 length of glass tubing was inserted 
between the transducers to allow for observation and 
photography of the flow. 
(16) 
It has been suggested that vaporization and 
condensation within a bubbly steam/water mixture occurs 
at different rates, r . 3prö 
ücing>aný>accumulation%of3ur 
Iacvapour4ýLºý within the branch arm of the main section so 
greatly increasing the attenuation of the wave. To 
prevent this, cold water was continuously injected into 
the system. This flow rate of water was kept very low 
so as to have a negligible effect on the pressure drop 
along the main section. A drain was installed to maintain 
a constant level of water in the condenser. 
Skater manometers were used to detect any change in 
the pressure drop and hence variations of voidage along 
the test section. Bubbles were regularly expelled from 
the manometers by applying pressure to the open ends. 
The accuracy of these pressure readings are discussed in 
section 3.1.5. 
3.1.1 Generation and detection of wave. 
The systems described in sections 2.2 and 2.5.1 were 
used, except that due to the increased attenuation effects, 
a larger electro-mechanical vibrator was necessary giving 
n 
a maximum amplitude of 0.3 at a frequency of 30 cps. 
A storage oscilloscope was used to record the transducer 
signals. 
3.1.2 Voidago Measurements 
The range of working voidages was restricted by the 
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attenuation of the waves and the coalescing of the bubbles 
to form 'plugs'. The latter was found to be more 
restrictive at velocities of 10 ft/sec and permitted a 
maximum working voidage of approximately 5% (Fig. 14). 
At such low voidages the ö -ray technique 
(section 2.2.3) 
proved unsuccessful in estimating the voidage, probably 
due to the small dimensions of the test section. 
Measurement of the liquid temperature loss between a 
point in the flow before the mesh and a point within the 
test section would yield an estimate of the flow quality. 
Neglecting increases, in kinetic energy of the fluid, from 
the energy equation (7.22) 
Lex GWLT 
hF3 
3.2 
At atmospheric pressure using equation 5.4. and neglecting 
any slip velocity between the phases in a steam/water 
medilun,, a voidage of 5% corresponds to a quality of = 10-5. 
Hence the liquid temperature drop due to the formation of 
this amount of vapour is 10-2°F. No equipment was' 
available with which to measure temperature- differences 
of this order. 
It was thought possible to estimate the voidage by 
noting the change of pressure drop along the test section 
as the fluid conunenced to flash. However, as previously 
noted, the accuracy of the empirical formula for two-phase 
frictional pressure drop (7.15) is unknown at low vo': 'ages. 
(; 8) Other methods, making use of the refractive indent 
(39) 
and electrical impedance of the mixture were considered 
(40 
unsuitable for measuring the voidaGo in the present system 
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A photographic method was finally used to estimate 
the voidage. At low voidages the bubbles were separated 
sufficiently to enable the approximate number of bubbles 
present in a pound of fluid to be determined. It was 
confirmed that the camera detected all of the bubbles by 
varying the focal plane. In all cases the number of 
bubbles/lb of fluid was estimated at 20,000. The 
Polaroid oscilloscope camera used for this work had a 
restricted depth of field within which the bubbles were in 
focus, and so, although all the bubbles could be detected, 
the dimensions of many were indeterminate. It was assumed 
that the distribution of bubble sizes throughout the flow 
could be characterized by the bubbles in focus. To enable 
the largest sample of bubbles to be measured the focal plane 
was fixed at the centre of the 'test section. This can be 
seen from the photographs (Fig. 15) where the bubbles at 
the wall of the tube are in focus. The fact that, in 
these photographs, the tube wall is not visible indicates 
that, due to the refraction of the light in passing through 
the glass/water cylindrical lens, a magnification of the 
bubbles is observed. From the photographs it can be seen 
that, in the mid-plane of the tube, the inner diameter of 
the glass section is magnified so as to equal the outer 
diameter. The glass section was of radial dimensions 
n 
8 1. D. and 
4 O. D. and hence the magnification factor is 
1.2. This was verified by photographing a rod of known 
diameter in a similar glass section. 
At voidages approaching 5% slight bubble amalgamations 
were observed resulting in a few larger non-Spherical 
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bubbles. Although this was considered not to cause major 
deviations from the spherical bubble assumption made in the 
theory, the volume of these bubbles could not be estimated 
as only two-dimensions could be measured. It was therefore 
assumed that these'non-spherical bubbles were made up of 
spherical bubbles of the same size distribution as the 
remainder of the flow. 
For accurate measurement of the bubbles, the photographs 
were analyzed on a projector giving x 15 magnification. 
3.1.3. Experimental procedure. 
On heating the water to approximately its saturation 
temperature, the flow rate was 
pressure change along the test 
applied until sufficient flash 
pressure difference to zero. 
to maintain stable conditions. 
sufficient time to ensure that 
set such as to give a small 
section. Heat was then 
ing occurred to reduce the 
Small adjustments were made 
This procedure took 
excess air in the water was 
eliminated. The importance of this was due to the 
possibility of obtaining a low quality flow within the test 
section before saturation conditions were attained by the 
liquid. In this case one would have probably measured the 
no-mass transfer sonic velocity for all frequency waves. 
Once steady conditions were obtained, results were taken 
and the voidage checked intermittently by photographing 
the flow. 
3.1.4. Back{, round noise within a flashi ig two-phase system. 
Pressure fluctuations are knowm to be prominent in 
two-phase flows and have been used to analyze flow 
(Lt1) 
patterns However, during preliminary tests with the 
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present steam/water-apparatus, the transducers detected a 
significant amount of background noise which had to be 
reduced in order arly 
ý y: , ic. entify cle the generated sinusoidal 
waves. 
Prior to the initiation of flashing a considerable amount 
of noise, thought to be due to the main pump, was detected. 
This fortunately disappeared as soon as flashing commenced' 
probably due to the attenuation of the noise in passing 
through the two-phase mixture between the mesh and upper 
transducer. The effect of turbulence was also noted 
mainly on the lower transducer, this was reduced by careful 
alignment of the test section and by ensuring that the 
sensitive surfaces: of the pressure transducers were 
positioned in line with the pipe inner wall. 
As the liquid neared the saturation temperature 
corresponding to the fluid pressure in the test section, 
boiling occurred in the condenser resulting in high frequency 
noise being transmitted up the flow to the transducers. 
Maintaining a water level in the condenser, which allowed 
the formation of a free jet at the outlet of the test 
section, reduced this noise to negligible proportions. 
At the highe-- voidages, sharp peaks in the upper 
transducer signal were detected, this was thought to be 
caused by cavitation or the impaction of bubbles on or 
near the transducer face. However, this occurred outside 
the range of voidages, permitt;: d by the wave attenuation, 
in which measurements could be made. 
It was noted that while results were being taken the 
signal to noise ratio of the system was of the order 5: 1. 
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While the background noise may cause appreciable error in 
measuring both wave velocity and attenuation it was 
considered that as the noise ; etas*, appai-eritty)"completely. ýrandom 
these errors would represent a spread, rather than a shift, 
of experimental data. 
3.1.5. Accuracy of measurements. 
Difficulty was experienced in maintaining steady flow 
conditions within the test section. A pressure 
regulating valve was introduced to enable finer control 
of the steam supply to the heater but, nevertheless it was 
generally not possible to keep the pressure drop along the 
test section exactly zero for any length of time. In many 
cases it varied by -; 'y" of water. This was unlikely to 
cause significant departures from thermodynamic equilibrium 
within the mixture, however it probably caused slight 
increases or decreases in voidage along the flow. 
From equation 3.1 it can be shown that for a small 
change in pressure gradient along the test section 
A (1ý, P- )=- L«, P, 9 sý. e -, ±F o f, ' 
ý 3.3 
\ LM 2- D (7 --iXY ) 
A variation in pressure drop, between the manometer 
tappings, of 2 of water corresponds to a pressure 
gradient of 
± 45 pdls/ft2. Substituting the relevant 
parameters into the above expression results in a maximum 
change of voidago of 
t 0.5%. The glass section at which 
photoöraphs were taken was situated midway between the 
transducers and hence in some cases the measured voidage 
represents a mean value. 
The displacement between the transducer signals were 
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measured directly from the C. R. O. screen. In theory it 
was possible to elongate the time scale of the oscilloscope 
to enable very accurate measurement, however this was 
impractical as the position of the wave peak then became 
a matter of conjecture, particularly at low wave frequencies. 
Generally a time scale was used which would allow the time 
displacement to be measured within 0.5 ms. This represents 
a possible error of 6% in measuring velocities of 100 ft/sec 
and 10% error in velocities of 200 ft/sec. 
The wave amplitudes were restricted to be as small as 
possible to prevent excessive wave distortion. However, 
in some cases, distortions were unavoidable and detected 
by the discrepency in time displacement between the peaks 
and troughs of each wave trace. This led to errors in 
measuring the velocity of the wave which will be discussed 
in section 3.3. 
Of the phenomena described in section 2.3, only surface 
tension proved to have a possible effect on the propagation 
speeds in the present system. 
Except at very low voidages, the measured bubble 
radius was greater than io-2 inches and hence the effect 
(29) 
of surface tension is negliCible Iiovever2 the velocity 
of wave propagation may be increased at low voidages duo to 
the pressure which exists within the bubbles, this being 
greater than the liquid pressure. 
Using the well known formula 
&ý 
=2v q- 3.11. 
the excess bubble pressure can be calculated. IF 20,000 
11 9 
bubbles/lb exists in a medium of voidage of 1% then the 
average diameter of the bubbles is 6.7 x 10-3 inches. 
From equation 3.4+ the pressure difference between the phases 
is of the order 0.2 gs. i. Comparing this with the maximum 
wave pressure of 1.5 ps. i. it can be seen that surface tension 
is unlikely to have a measurable effect. 
3.2. Experimental results. 
A significant spread in the measured velocities was 
obtained probably due to the difficulty in maintaining a 
constant voidage within the test section. This was further 
emphasised by the large variations in sonic velocity for 
small voidage changes, over the working range of voidage. 
(Fig. 2). Understandably the spread of experimental data 
decreased with increasing voidage. 
A variation in the velocity of propagation with the 
wave frequency was detected (Fig. 16,17). This behaviour. 
has been predicted successfully using the theory (appendix A) 
and a constant value of the heat transfer coofficient 
h=0.5 BTU/ft2see 0 F. The variable value of h 
suggested in section 7.5.2 was found to predict smaller 
velocity variations then measured experimentally. 
(11) 
It was indicated by Collier and Wallis that for a 
stationary bubble within a liquid, the heat transfer 
coefficient is given by Nu = 2.0. 
For bubbles of diameter 10-3 ft and assuming the 
-4 thermal conductivity of the water phase to be 10 
BTU ft/ft2sec°f, and using the definition of Nusselt 
(85) 
number 2 Nu = 
hD /K, thon Nu = 2.0 implies that h=0.2 
BTU/ft 2 Sec 
0 F. In the present experimental system very 
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little relative velocity existed between the phases, 
it 
is therefore not unexpected that the value of ii suggested 
by comparison of theoretical and experimental results, is 
of this order. 
At low frequencies, wave velocities 
higher than theoretically predicted were 
linearisation used in the analysis was 
is the amplitude of the pressure wave. 
was satisfied in the present work as wav 
significantly 
measured. The 
A%/< 1.0 whereAp 
This conditiön 
e amplitudes 
between 0.5-1.5 gsi. were generated. Depending on the rate 
of mass transfer between the phases, LP may be sufficient 
to condense all of the vapour phase. This is most likely 
to occur at low wave frequencies, where Cý sý3Öýg trill=mdrej { 
cnearlyzöbtäin? e qüilibriüm? and at low voidages, where the 
required Ab p 
is small. In these cases the wave amplitude 
can no longer be considered infinitesimal. 
3.3. The propagation velocity of finite amplitude sinusoidal 
wave-.,. 
In a single phase compressible medium a pressure 
wavefront tends to steepen and a rarefaction becomes less 
steep as a result of the variation of compressibility and (33) 
density of the medium with pressure The effect will 
be more significant in a two-phase one-component medium where 
changes in pressure may cause evaporation or condensation 
to occur producing a variation of voidage throughout a wave- 
front. The velocities of various portions of the wave will 
differ significantly depending on the local value of 
pressure and voidage. 
In the present experimental work it was attempted 
to restrict the amplitude of the sirawoida. l [JreSsLtre waves 
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so as to reduce wave distortion to negligible proportions. 
However, owing to the initial wave amplitudes required to 
ov3rccme attenuation effects, distortions were unavoidable 
in some cases. 
Fig. 18.1 shows a trace from the U-V recorder showing 
a change in shape of a finite amplitude wave. The 
pressure peaks have been displaced to the left, an effect 
which is more noticeable on the upper trace as this 
represents the wave shape a further 9 along the test 
section. The distance between corresponding pressure 
peaks in each trace was taken to be a measure of the 
propagation velocity of the wave, theref-ire, in the case 
. shown in the figure, the measured velocity 
is significantly 
greater than for a smaller amplitude wave. 
Neglecting attenuation effects, and assuming the 
sonic velocity in a medium to be directly proportional 
to the liquid pressure, the idealised change in shape of 
a sinusoidal wave is shown in Fig. 18.2. After some time 
the wave becomes a 'saw tooth' shape and eventually, it is 
anticipated that, the distorted 'shock' type of wave will 
'overtake' the preceding rarefaction, thus eliminating 
the pressure wave. This will be discussed further in 
section 3.5.2. 
3.4. The propagation velocity of finite amplitude stee 
and impulse waves. 
The velocities of propagation of step pressurE waves 
with sufficient amplitude to condense all of the vapour 
(1 ) 
phase, were measured by Karplus However, the wave- 
fronts were found to become less steep as they progressed 
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through the fluid, indicating that the mixture may not have 
been in a state of thermodynamic equilibrium before the 
application of the pressure pulse (section 3.5.1). 
(5) 
Similar experiments. were made by Barclay who 
found the waves to change in shape according to compressible 
flow theory. A discrepancy was detected between the 
velocities of pressure and rarefaction step waves, this being 
possibly due to the effect of large wave amplitudes and 
the change in shape of the wavefronts as similar variations (37) 
were measured by Dejong and Firey when examining the 
sonic velocity in air. In a two-phase, liquid continuous 
medium, no difference in propagation velocity of the two 
types of wave could be detected 
(37) 
This was also found by (21) 
Grolmes and Fauske , their results being shown in Pig. 19. 
The wave generating system described in section 
2.2.1 was more adaptable to the propagation of impulse 
waves rather than step waves as investigated by other 
authors. 
From the frequency spectra of step and impulse 
waves shown in rig. 3.2, both waves can be seen to contain 
high frequency components which, from the theory given 
in section 1.3, are predicted to travel at the no-mass 
transfer sonic velocity. If the minimum frequency com- 
ponent which propagates at this velocity is denoted byf' 
then providing the step and impulse waves have not 
propagated sufficient distance to make all frequency 
components above f' negligible due to attenuation, the 
velocity of the leading point or "foot" of both stop and 
impulse waves may be expected to travel at the same v, locity. 
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As previously noted in section 1.42, the "bulk" 
velocities of these waves will be significantly different 
and this will result in differing rates of steepening of 
the wavefronts. 
The above analysis cannot be applied to perfectly 
formed step and impulse waves as these are categorized as 
(97) 
"shock" waves and require a separate treatment 
3.4.1 Present experimental investigation 
As in the experiments with air/water mixtures, the 
wave generating system was modified as indicated in section 
2.5.1 to enable the propagation of small amplitude pressure 
and rarefaction impulses. 
Although these waves will be referred to as impulses 
they would be more accurately described as "thin" trian- 
gular waves. The time "thickness" of the waves was of the 
order of 4 ms making the wave similar in form to one 
cycle of a 250 cps sinusoidal wave. 
As the wave velocity was assumed to be characterised 
by the velocity of the foot of the wave, various degrees 
of steepening of the wavefront did not affect the results. 
Wave amplitudes of 1-3 p. s. i. were generated, but this 
also did not significantly vary the velocity of wave propa- 
gation. 
Experimentally determined velocities are com- 
pared to the no-mass transfer sonic velocity in Fig. 20. 
Rarefaction and pressure impulses were found to travel 
at approximately the same velocity. 
Simultaneous photographing of the flow and t; ene. ra- 
tion of the wave allowed more consistent estimates Of ir01l. ýa{ e 
to be made than in the previous experimental pro;; camf ie 
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The results indicate that within the leading part 
of a wave of this type no mass transfer occurs and hence 
the velocity of the 'foot' of the wave will be independent 
of the following waveform, providing a pressure discontinuity 
does not occur. 
3.5. Analysis of waveforms. 
As a wave progresses through a two-phase medium, the 
shape changes continuously. Generation of the wave in a 
single phase water medium showed the initial shape of an 
impulse wave to be closely approximated by two triangular 
waves of opposite sense. Due to compressibility and mass 
transfer effects within the steam/water mixture, the wave 
profile had significantly changed by the time the wave 
reached the first transducer and a further change was 
detected by the second transducer. Ideally for an 
investigation of this sort, more pressure transducers 
should be equally spaced along the test section giving a 
detailed indication of variations in waveform. Although 
in the present experimental apparatus only two transducers 
were available, with the la-, owledge of the initial waveform 
a few tentative conclusions can be drawn. 
In the following analysis it is convenient to divide 
the waveform into two portions, the wavefront and the 
ItrailingI wave. 
3.5.1. Change in shape of the wavefront. 
The wavefront is defined as the initial variation of 
pressure from the ambicnt fluid pressure to the maximum 
(or minimum in the case of a rarefaction) wave pressure. 
This may be expected to behave in a similar way to 1: 11' 
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wavefront of a step wave as investigated by other authors. 
Fig. 22 indicates a steepening of the front of a 
pressure impulse caused by the pressure peak travelling 
at a higher velocity than the 'foot' of the wave. For 
similar reasons the'wavefront of a rarefaction decreased 
in steepness (Fig. 23). This is in agreement with 
(3 äý 
compressible flow theory and_previous experimental work 
5)(21) 
(15) 
Karplus found that pressure wavefronts became 
less steep in steam/water mixtures, however it was observed 
that vapour bubbles continued to grow in the initial part 
of the wave, with complete condensation occurring behind 
the wave. This would indicate that the mixture was not 
initially in thermodynamic equilibrium. With the present 
experimental system it was possible to adjust the flow 
conditions such that either condensation or vaporization 
occurred along the test section. Impulse waves were, 
therefore, propagated through mixtures of approximately 
the same mean voidage for pressure variations along the 
test section of 0,4Aý and -i . 
wig. 21 shows sample wave profiles obtained in these 
three cases. It can be seen that if vaporization occurs 
along the test section (i. e. the wave propagates through a 
medium of decreasing vor: age) it is possible that a pressure 
wave will become less steep. Similarly if condensation 
occurs within he fluid, the pressure wave becomes much 
steeper than expected from compressibility considerations. 
Rarefaction waves may also be found to steepen while 
passing through a medium of increasing voidage (condensation 
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occurring in a direction opposite to the wave motion). 
Although the above wave characteristics were observed 
to occur regularly, they were not general. Since the sonic 
velocity in a steam/water mixture depends on the value 
of cýx`ap (equations 1.13 and 1.16) which includes the rate 
of vaporization in the initial fluid and the wave shape, 
it is suggested that only certain combinations of these two 
factors will result in the above wave characteristics. 
3.5.2. Trailing pressure wave. 
As previously noted, each impulse wave was followed 
by a similar wave, opposite in sense. This occurred at all 
amplitudes and is probably... due to the action of the wave 
generating system. Such a waveform was thus taken to be 
the initial shape of the wave propagating through the 
steam/water mixture. Figs. 22 and 23 give an indication of 
how the waveforms varied while progressing along the flow. 
The variation was found to occur more quickly at higher 
voidages suggesting that the principal cause is mass 
transfer between the phases, this being dependent on the 
inter-phase surface area. 
Each point on the wave may be assumed to travel at 
the sonic velocity corresponding to the local pressure, 
quality and the rate of change of quality with pressure 
/equations 1.13 and 1.16). As little distortion of 
similar waves was found to occur in air/water mixtures 
-10) and the generated waves were generally of small 
amplitudes ( <1S ýýi. ), it is likely that the variations 
of sonic velocity with local wave pressure and hence 
changes in compressibility of the medium can be no iccted. 
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The rarefaction which trails the pressure impulse, 
quickly elongates and reduces in amplitude, as can be seen 
in the traces (fig. 22), and gives the appearance of having 
disappeared completely. However during the propagation of 
the wave, vaporization was observed to take place indicat- 
ing the continuous presence of a rarefaction. 
The profile of the rarefaction impulse and 
trailing pressure wave is more complex, (Fig. 23) the 
change in shape of the latter portion of the trough being of 
particular interest, as this is the position where the 
lowest wave velocities are measured and, it is also likely 
that the position of maximum wave voidage will be in this 
region. If the point of maximum voidage within the wave 
could be determined accuractely, an estimate of the rate 
of vaporization within the mixture could be made. Since 
the velocity of each portion of the wave depends on the 
local rates of change of pressure and quality, an elementary 
analysis indicates that the point of maximum voidage lies 
to the left of the point of minimum wave velocity (Fig. 23). 
The above type of wave analysis can only be valid 
for small distortions of the wave shape. Larger 
distortions may be expected due to the trailing pressure 
wave "overtaking" the preceding rarefaction, resulting in 
a pressure between the rarefaction minimum and pressure 
maximum. At higher voidages the trailing pressure wave 
did pint occur, possibly because the rarefaction and pressure 
portions of the wave had combined leading to the 
exceptionally large measured attenuation of the rarefaction. 
It is also possible that due to the evaporation which 
takes place within the mixture during the passing of the 
rarefaction, the following pressure wave becomes less 
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steep (section 3.5.1) and eventually disappears. 
From the above discussion it can be seen that, if 
the wave velocity is defined as the velocity of a given 
point on the wave profile, then changes in wave shape 
are important, even when considering small amplitude 
waves in two-phase one-component mixtures. The rate of 
mass transfer. appears to be one of the most important 
factors governing the variation of waveform, this being 
dependent on quality and phase distribution. 
3.6. Summary of results. 
Experimental results have shown that the velocity 
of propagation of sinusoidal waves in two-phase steam/water 
bubbly mixtures can be predicted using the theoretical 
analysis (appendix A) based on conduction controlled mass 
transfer between the phases. The results indicate a 
value of the heat transfer coefficient (h) of 0.5 
BTU/ft 2sec0 F, which compares favourably with the findings 
(23 ) 
of other experimenters 
Due to the large wave attenuations which occur in such 
media, distortion of the waves was inevitable in certain 
cases and gave rise to higher measured velocities. 
The foremost point of small amplitude impulse (or 
triangular) pressure and rarefaction waves were found to 
travel at approximately the no-mass transfer sonic velocity 
through a mixture initially in -zhermodynariic equilibrium, 
(21) 
thus behaving similarly to a step pressure wave 
Again wave distortion was found to be significant when 
considering the velocity of the 'bulk' of the wave. The 
change in shape of the wavefront was shown to be dependent 
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upon the initial thermodynamic state of the medium, 
indicating a possible explanation of previous experimental (5)(15) 
observations 
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1ý 
,_ 
ATTENUATI ON 1 OF ' PRESSURE '. WAVES 'IN 7Ä . 
TWO ýZ PHASE MEDIUM,; rtx : °t 
When an infinite fluid medium is made to vibrate, 
energy losses occur due to thermal conduction and viscous 
effects, these mechanisms being generally termed, internal 
(42) 
friction Very little is known about this phenomenon 
in a two-phase mixture. However, a measure of the energy 
loss of a wave, which is propagating through a medium can 
be gained by considering the impedance of the medium or, 
alternatively, the amplitude attentuation of the wave in 
travelling a known distance through the medium. 
The attentuation constant is generally measured 
(22) 
in nepers/uinit length 
i. e. 1 Loy 11 f 1 4.1 
whereo and 1d are the at points Q=o 
and .Q=d 
in the medium. 
Sometimes the attentuation is referred to in 
decibels/unit length in which case 
d F) a 
and h' _ $" 68 11 
It. 2 
l. 3 
(26) 
The characteristic impcdance of a medium is defined by 
the equations 
:! _ Pc 
where C is the sonic velocity in the medium of density p 
Using the defihitioii of sonic valocity 
(equation 1.13) 
z I . )v)J 
1} 
. 
l} 
}, 5 
61 
When the medium is restricted to a tube it is 
possible that viscosity has a dominant effect on wave 
attenuation. For laminar fluid flow in a small diameter 
tube, it has been suggested that the impedance is given 
by Poiseuilles' coefficient. 
Z? _ $r" C 4.6 
R' 
For larger flow tubes, across which the fluid 
velocity can be considered constant except for a small 
(43) 
annulus near the tube wall, it was indicated that the 
impedance is equal to 
,2 ZT R, 
1.7 
For large tubes satisfying the condition 
R >> (/L/aL'D s the impedance and attenuation of the medium 
are related by the equation 
ýtT zT w It. 8 
ý. pc1 
Hence for waves propagating in a tube, the wave 
attenuation due to viscous effects near the tube wall is' 
given byt. 
W 
RG 2p4.9 
This equation does not include the effect of 
heat conduction across the wall of the tube, however, it 
has been suggested that such losses have an equivalent 
effect on the attenuation of a eave, to an increase in the 
viscosity of the medium. The "effective viscosity may ho 
(43) 
given by 
11.10 
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Equation 4.9 indicates the additional attenuation 
experienced by a wave in a tube, over a similar wave in 
an infinite medium, and so does not predict internal friction 
effects. There appears to be no general theory for 
predicting the attenuation of waves in an infinite medium, 
particularly two-phase mixtures. 
A perturbation technique (as used in appendices 
A and n) for investigating the propagation of small ampli- 
tude waves in a homogeneous two-phase bubbly mixture, 
yields no solution for the attenuation constant if heat 
transfer and viscosity effects are omitted from the theory. 
As little is known about these effects in an air/water 
mixture, this approach is fruitless. 
In the theory given in Appendix A, it is 
assumed that in a steam/water mixture, heat is transferred 
between the phases at a rate determined by the heat transfer 
coefficient of the bubble surface, and the analysis predicts 
an attenuation constant given by: - 
4.11 
42. Op ,, -IC nz `+inqýJ 
This expression probably does not represent the 
total energy loss, as further losses occur through 
viscous effects (equation 4.9) and other effects 
similar to those occurring in air/water mixtures which 
are not accounted for within . he theory. 
11.1 Attenuation in air water bubbly mixtures 
31 
Carstensen and Foldy devised a theory for 
the attenuation of sinusoidal pressure waves in an air/water 
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bubbly mixture, with wave frequencies of the same order 
as the resonance frequency of the bubbles. Their predic- 
(44) 
tions were verified experimentally The theory is not 
applicable to low frequency waves, as the calculated 
attenuation of a 100c. p. s. wave in a 10% voidage medium, is 
an order of 10 higher than measured in the present 
experimental work. 
Further experimental studies have been carried out 
on this subject, but have been restricted to high frequency 
(13) (30) 
waves 
(10) 
Karplus noted that the impedance of a two- 
phase mixture lay between the two limiting values 
3.12 x 1051b/ft2sec in water and 82.51b/ft2sec in air. 
Experimental verification of this requires only the measure- 
ment of sonic velocity for varying voidage. 
A further analytical solution for the attenuation 
of pressure pulses in an air/water mixture was noted by 
(4+5) 
Gibson The ratio of wave pressure in a two-phase 
mixture to that in single phase water, was. indicated to be 
a function of the wave velocity and properties of the 
fluid and flow tube. As a characteristic length through 
the fluid is not included in the expression, it cannot be 
generally used to predict the attenuation constant in 
such media. 
The present experimental investigation indicated 
that the wave attenuation varied with voidage as shown i% 
rig. 24+. The spread of data points is probably caused by 
the effects of background noise within the apparatus and. 
also wave distortion (section 4.2). As discussed in 
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chapter 2, these effects wore minimised. 
By extrapolating the graph shown in Fig. 24, it 
can be seen that the attenuation constant, in a single 
phase water medium is of the order 0.05 nepers/ft. 
Equation 4.9 predicts the attenuation, due to viscous 
-4 
effects near the pipe wall, to be of the order 10 nepers/ 
ft. in a water. medium. It is suggested that the high 
attenuation measured in the single phase is due to wave 
dispersion caused by various components of the frequency 
spectrum (section 1.1+. 2) of the wave travelling with 
differing velocities and attenuations. Although water is 
(146) 
not a dispersive medium, it has been shown that the 
presence of pipe walls will have this effect. 
4.2 Attenuation of sound in steam/water bubbly mixtures 
The attenuation of sinusoidal pressure waves in 
a steam/water mixture was found experimentally to be 
considerably larger than in an air/water mixture. The 
reason for this is not clear as the two systems differ 
significantly only due to the fact that mass transfer 
occurs in the former mixture. If the rates of co'2donsa"- 
tion and evaporation are equal, the phase charge 
processes are reversible and will therefore not influence 
the wave attenuation. A difference in the rates of 
condensation and evaporat±on would result in an overall 
increase or decrease in voidage of the mixture during the 
wave propagatie. i which was not observed in practice. 
Equation 4.11 -reprosonts the attenuation of a 
sinu. iti; oxdal pressure wave in a low quality m, o-phase. 
mixture according to the theory described in Appendix A. 
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From equation A. 20, the relation between'the 
wave velocity and attenuation can be written: - 
1ý = uSýnF h AV, (ITY6 p) 
zßf9 zý`ý,. *1ý 
When the wave frequency is high and no-mass transfer 
occurs, this reduces to 
NMT =u 4i 
pý 
h 
Y\ 3 
(1 
p) 
2 hf 
This analysis predicts no attenuation of low frequency 
waves within which thermodynamic equilibrium is maintained. 
It is possible that a two-phase one-component 
mixture may act in a similar way to a visco-elastic medium 
as described by the mechanical model shown in Pig. 23.1. 
The spring A represents the compressibility of the medium 
and, hence may be used to describe a simple air/water bubbly 
mixture. Mass transfer in a one-component medium is re- 
presented by the spring 13 and dashpot in parallel. Such a 
('+2) 
model has been analyzed by Kolsky and shown to give 
results (Fig. 25.2) comparable to the predictions of the 
theory given in appefldix A. The attenuation is seen to 
increase with frequency and the internal friction (defined 
as k/F ) to exhibit a maximum value. The variables used 
plotting the shown graphs, C. and1 , may be considered 
a. = constant, Co beint; the wave velocity at zero frequency 
and T, tha "time of retardation" of the spring (B) and 
dashpot, which is probably related to the rate of mass 
transfer in a one-component system. 
. 
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The experimental results show the same variation 
with voidage and frequency as predicted by the theory 
(Figs. 26 and 27). However, the measured attenuation 
constants are consistently lower than predicted. The 
probable cause of this is wave distortion. 
An estimate of the variation of the maximum 
pressure of a wave due to distortion can be obtained by 
considering the energy of a wave. In a progressive wave, of 
any type, the total energy is half potential and half 
(27) 
kinetic , therefore only the kinetic energy of a wave 
need be considered, which is given by: - 
K. E. =% Piff u? dv 11.13 
If the wave is assumed plane and travels along 
a pipe of constant cross sectional area, At the energy in 
the positive half of a periodic wave is: - 
11/2. 
K. E. - 3i pfa ae It. 14 0 
where cL is the incremental distance in the direction of 
wave propagation. 
Considering two pressure waves of equal energy, 
but one having a sinusoidal form and the other a sawtooth 
shape (Fig. 18.2), the velocity of elements of fluid within 
the wave may be considered-to vary in a way similar to the 
pressure, the fluid velocity over half of a wavelength 
beim, Given by: - 
IL Ul, ý Sin ýe ;t 
_Q and 
LLsa. 
I _ 
2l r 
x 
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Substituting these expressions into equation 
4.14 and equating the resulting wave energies, results in 
um, =J uM 
For a sinusoidal wave the maximum fluid pressure 
(4 3) 
and velocity are related by 
PM o P u, M where a is the displacement 
amplitude of vibration. 
As a triangular wave may be considered as an 
infinite sum of sinusoidal waves, it is likely that the above 
relation also holds for this type of wave. Therefore 
P, 1.7 Pr, 
Hence the distortion of a sinusoidal wave to a 
triangular wave, with the same energy, may result in the 
maximum wave pressure being overestimated by a factor of 
1.7. 
From Figs. 26 and 27, the approximate deviation 
of experimental data from the theoretical curves is 0.25 
nepers/ft. For initial wave amplitudes of 1.5 p"s. i., 
and an actual attenuation of 0.75 nepers/ft, this devia- 
tion represents a variation of the measured wave amplitude, 
as detected by the upper transducer, of approximately 50%. 
This is possibly accounted for by wave distortion as 
shown in the above analysis. 
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5. 'x' 'Iii# iý tb NA ýO ' CflI . TCýi.. 
Oil: Ci OKIIý(ý ý'I, bW IN PIPES n-< 
5.1 Introduction 
As is well known, when a single phase fluid flows 
from a reservoir in whic`" the conditions are fixed, the mass 
flow rate at first increases as the downstream pressure is 
reduced, but eventually reaches a maximum value, thereafter 
further reductions in downstream pressure produce no change 
in mass flow rate and a pressure discontinuity occurs at 
the outlet. In this condition the flow is said tc be 
"choked" or "critical" and the one dimensional analysis 
indicates that the Mach number reaches unity at the outlet. 
' Boundary layer effects modify the phenomena but for many 
fluids the simple theory gives good agreement with 
experimental results. 
In a two-phase medium the one-dimensional approximation 
is only valid for well mixed fluids such as can arise in 
"bubbly" flow or "mist" flow. For "annular" and "slug" 
flow such an approximation is clearly not appropriate. 
In general the phases do nat move at the same velocity 
and departures from thermodynamic equilibrium may lead to 
a lao. k of symmetry between rarefaction and compression 
waves and also time rate of change effects. For these 
reasons a unique sonic velocity does not exist in two-phase 
systems and some experimental work suggests that a critical 
flow does not exist either. Certainly in ore-component 
systems it cannot be defined in terms of the upstream 
reservoir conditions alone since the subsequent behaviour 
is very sensitive to nucleation phenomena. Because the 
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number of variables has been increased in the two-phase 
system, many authors have produced theoretical models to 
account for the phenomena and the following literature survey 
attempts to outline the progress of these approac: ies to a 
mathematical description of a two-phase one-component 
critical flow. 
5.2 A survey of previous theories for choking flow in pipes. 
The first model for critical flow in a two-phase 
system was based upon that for a single phase, and is known 
as the Homogeneous equilibrium (H. E. ) model. 
Assuming the two-phases to be homogeneously dispersed, 
movinG with the same velocity and in thermodynamic 
equilibrium, the critical specific mass flow rate is given 
by: - 
Q% 
'r = CR 
where the pressure is measured in absolute units. 
This, together with the definition of specific volume 
in a homogeneous mixture 
V= (i - x) Vf -+ X\45 5.2 
enables the critical flow rate to be calculated for a 
given outlet pressure and quality. 
The method of evaluating ( 
f)S has been outlined by 
(50) 
Fauske Assuming a pressure and quality, the entropy 
of a two-phase mixture is given by: - 
S= 5F(P) + SF3(p) x 5.3.1 
where SF and Sf9 are obtained from thermodynamic tables. 
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If the process is isentropi=c, a small variation in 
pressure implies that: - 
S ýF (ý ý" tso +S F5(p +ýb). xý 5.3.2 
Similarly, the specific volumes of the mixture at 
these pressures are: - 
V= '/ß. 3 
(P) 5: 34 
v'(P, -L )+D_ c''JFy(vkL ) 5.3.5 
Values of Lý computed from equations 5.3.2 and 5.3.1 can 
be used in equation 5.3.5, and hence a graph of V against P, 
within the vicinity of P, may be drawn and the gradient 
p 
measured. 
Fig.. 28 shows the calculated critical specific mass 
flow rate for varying quality, at pressures of 50 ps. & and 
14.7 psi. The former pressure allows comparison with the 
(55) 
experimental results of Faletti, Moy, Fauske and Henry 
The latter pressure is more relevant to the work covered in 
this report. 
It can be seen that the predicted result: using the 
H. F. model underestimate the critical flow rate, except 
at high qualities where the model more accurately describes 
the physical "mist" flow. 
At very low qualities, within the bubbly flow regime, 
although the flow homogeneity is maintained, the model still 
underestimates the flow rate since thermodynamic equilibrium 
does not then exist between the phases. 
The existence of a slip velocity ratio implies that 
the voidage and quality are independent variables related 
by the following expression 
cr y (i -cv zc v 5.4 « (1-x)vF 
Hence, a correlation between oC and X yields values of tho 
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slip velocity ratio. Correlations made empirically by 
(47) (48) 
Lockhart and Martinelli and Armand will be discussed 
more fully in section. 6.1. 
The fact that the phases move with different velocities 
also leads to three possible definitions of specific 
VolUL1te. 
An area average specific volume: - 
e 1) 5.5.1 VA ° (HL., I 
a momentum average 
VMsý (A p t, lZ dR 5.5.2 
and a kinetic energy average 
VKE= ( QsA1 
RPU3 
5.5.3 
Using the definition of specific flow rate 
G= (1-x)Gr + xG -- 
I_au rcU 5.6 uF . ug 
The three specific Volumes can be rewritten as 
VR 
(ý _ °c3 fFt °C ý'9 5.7.1 
V xa 9+ ci _'' VF 5.7.2 
VIE = x3ys +%5.7.3 
°C1 (i -00 
In the case where the slip velocity ratio is unity, it can 
be seen that, the above three definitions of specific 
volume reduce to equation 5.2. 
By applying a momentum balance to a separated flow 
(49) 
model, Isbin, Moy and Da Cruz derived equation 5.1, and 
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using the momentum average specific volume (equation 5.7.2) 
together with a relation between the voidage and quality given 
by the Lockhart-Martinelli correlation, obtained improved 
theoretical predictions for the critical mass flcwa rates at 
qualities above 0.4+. 
(52. ) 
Massena , using the same principle, but the Armand 
correlation obtained results similar to those of the Isbin 
momentum model. 
The next major advance in the theory of critical 
(50) 
two-phase flow was made by Fauske Using a separated, 
thermodynamic equilibrium model, he derived momentum equations 
for both phases. These led to the equation of motion 
similar to that for a single phase fluid flowing through a 
conduit: - 
G` (av, + Fvr, at + dp 5.8.1 
\ 2v 
His assumption that de attained a maximum value at the 
critical condition, for a given G and x, implied that: - 
3-o- 
lý1 
(Q+ "') I =O 5.8.2 O ID 
since the slip velocity ratio is the only independent 
variable occurring in equation 5.8.1. 
Equation 5.8.2 then leads to the condition 
a rav, l ., ym( 
F (. ý. - 5.8.3 a. ( ) 2Dltýö + DV )r 
If the flow is considered non-isentropic, where f is not zero, 
this has a solution when 
ýýý 5.8.4 
and 
C)F =05.8.5 
is 
From equations 5.7.2 and 5.8.1 the limiting value of the 
slip velocity ratio is found to be 
cr )YXI 
VF 5.9 
Equation 5.8.1 can be rearranged into the form of equation 
5.1, and the critical flow rate found using 5.7.2 and 5.9. 
As the process is assumed isenthalpic, the partial derivatives 
and M/p are evaluated using thermodynamic steam tables, 
a:: d ýVOP can be defined as: - 
b nr- --1 4- Dr- 9 up 
which is also obtainable from standard tables. 
This theory shows excellent agreement with experimental 
values of GCRIT Fig. 28) but the predicted value of slip 
velocity ratio at the critical condition, is much larger 
than have been measured experimentally. There also appear. 
to be errors in the mathematics of the theory, which were (51) 
pointed out by Cruver and Moulton Equation 5.8.2 
has been shown to represent a minimum value of the pressure 
gradient instead of a maximum as assumed by Fauske. Also 
equations 5.8.4 and 5.8.5 do riot necessarily represent a 
solution of equation 5.8.3 as: - 
zs ()Vml bor, r, =O 
does wit imply 
lýcrJ (1e 
Due to the separated flow model used in the analysis, 
very little exchange of momentum occurs between the phases 
caused by the viscous shear stresses at the inter-phase 
surface, which probably results in the large predicted 
values of slip velocity ratio. Clearly in a low quality 
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bubbly flow this momentum exchange is consi. dcrable and 
hence slip velocity ratios of the order indicated by 
equation 5.9 are unrealistic. 
Equation 5.1 was derived by the previous authors using 
(52) 
the continuity and momentum equations. Moody derived 
an alternative expression for the critical mass flow rate 
by considering the continuity and energy equation, the 
theory being applied to a short converging nozzle. 
Assuming the flow to be isentropic 
ý 1, ._x Coq + uý l 4. (1 - x) 
r lxF + Ur 5.10.1 
where ho is the initial liquid enthalpy. 
Also 
So = xSfz + S9 5.10.2 
So being the initial liquid entropy. 
The phase velocities were eliminated from equation 5.10.1 
by using the continuity equation (equation 5.6) 
ci 
_ oe 
l4ý 
_ 
(s o Lc 5.10.3 
x and of were then eliminated from the resulting expression 
by using equations 5.4 and 5.10.2'. 
On assuming the fluid to remain in thermodynamic 
equilibrium, the flow properties s, h and v are functions 
of pressure only and obtainable from standard tables. 
G is thus shown to be a function of pressure and slip 
velocity ratio (o') only, having a maximum value when 
ýý 
cc )P =05.10.4. 
C') c=O5.10.5 äp /o- 
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The application of condition 5.10.4 showed that the maximum 
flow rate occurred when the slip velocity ratio attained 
the value 
R C1 a 
)Y5 
5.11 
It was assumed that this value of a, when substituted into 
the main equation for G. automatically implied the 
condition 5.10.5. 
The agreement of the predictions of this theory 
with experiment arc good for long cylindrical nozzles. 
However its inability to successfully predict conditions 
in a short nozzle impýies the existence of metastable 
effects which are not taken into account within this theory, 
(51) 
Cruver and Moulton also using a separated 
equilibrium model, assumed that choking occurred when the 
flow reached a state of maximum entropy. This was found 
to occur when the kinetic-energy-average specific volume, 
defined by equation 5.7.3) minimised with respect to the 
slip velocity ratio, ; Jand1 '' the value of the slip, became 
(as in equation 5.11 . 
). The critical flow rates resulting 
from the theory are low at high qualities and high at low 
qualities compared to experimental results, indicating 
that the slip velocity may have been overestimated at high. 
qualities and suggesting the presence of non-equilibrium 
effects at lower qualities. 
A numerical treatment was given to the problem 
(53) 
by Linning, Alderson and Pexton , assuming a separated 
equilibrium model, a set of differentialequations was 
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derived and solved using a step by step integration technique. 
Choking was assumed to occur when any further expansion of 
the fluid required a kinetic energy increase greater than 
that available from the internal energy of the system)i. e. 
when the equations became inconsistent. The predicted 
value of critical flow rate for a given initial pressure 
was lower than found in experiment, indicating possible 
metastable or non-equilibrium effects at the beginning of 
the flow. 
(54) 
Katto assumed choking to occur when the pipe 
frictional force was reduced to zero. This enabled the 
solution of equations derived from a separated equilibrium 
flow model. The results compare favourably with experiment 
within the range 0.02 <x< 0.5. At qualities above 0.5, 
however, the theory indicates that condensation begins to 
occur at the choking pipe outlet, also, at low qualities 
the predicted critical flow rate exhibited a maximum at a 
quality of approximately x=0.01. Neither of these 
phenomena have been found to occur in practice. 
(55) 
Henry carried out both experimental and theoretical 
work with low quality two-phase one-component flow. 
Recognising the fact that non-equilibrium effects may occur 
in low quality flow, he assumed the quality at any point 
along the pipe to be: - 
x= a- N 
/x 
E: Q 
5.12 
where the value of N' was derived empirically from 
experimental work, and DC, 
. 4, 
the quality that would exist 
were the fluid in thermodynamic equilibrium. 
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A comparison between equation 5.12 and 5.4 shows that 
iF x« i"o , the- n,.. 
vv XCýý1_« g 5.12.1 
As the variables en the R. H. S. could be measured 
experimentally the variation of N' along the flow was 
determined. It was found that N/ remained constant over 
the latter part of the choking flow. 
i. e. c-LW' O 5.12.2 
txfr 
Henry suggested that a linear relation existed 
between N1 and Xcq at the exit of the flow and the equation 
N' - 20 xEQ 5.12.3 
was found to agree with experimental data. Within the 
accuracy of experimental measurement, equation 5.12.3 was 
found to be independent of pressure. 
The slip velocity ratio at the exit of the flow could 
only be measured by assuming equilibrium conditions, which 
resulted in value's of slip between 1.3 and 8.0. It was 
suggested that as thermodynamic egtilibrium did not exist, 
the actual slip velocity ratio was of the order 1.3-"2.0. 
This thermodynamic non-equilibrium approach yieldcd 
critical flow rates which were in good agreement with 
Henry's own experimental work, at qualities down to 5x 10-3 
(Fig. 28). 
( 56) It was assumed by Edwards that the deviation of 
experimental results at low qualities, within the bubbly 
regime, from the predictions of the H. E. model was due 
entirely to non-equilibrium effects, the rate of vaporisation, 
or increase in quality along a flow being controlled'by the 
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heat conduction through the fluid shell surrounding each 
individual bubble. This flow of heat to the bubble surface 
was calculated using the numerical method of Dusinberre(57). 
The prodictior, s of this theory. were understandably dependent 
on the number of bubbles per unit mass of fluid, however, 
the critical flow rates at high pressures in short pipes 
were successfully predicted assuming 109 - 1010 bubbles 
per pound of two-phase fluid. Photographs taken of a 
two-phase flashing flow (Fig. 1/+. 1) suggest that the number 
of bubbles present in a pound of untreated water is of the 
order 10 - 105 hence the number assumed by Edwards may be 
an overestimate. Also, the heat transfer from the liquid 
phase to a bubble is Greatly enhanced if the bubble is 
moving relative to the liquid (section 7.5.1). An 
assumption of no slip velocity between the phases as made 
by Edwards, may therefore lead to a lower rate of heat 
transfer between the bubble and the liquid phase, than 
actually occurs in the physical system. 
It is possible that an overestimate of bubble population 
and a low heat transfer coefficient result in the correct 
predictions obtained. 
The preceding survey has shown how the understanding 
of a two-phase one-component critical flow has progressed 
from a Homogeneous equilibrium model to a model in which 
the slip velocity ratio is an important factor and 
eventually to a model where the major effect is that of 
thermodynamic non-equilibrium. It can also be seen how 
each model successfully describes the flow over a restricted 
range of qualities, the H. E. model being applicable at very 
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high qualities, the "slip" model at medium qualities and 
a "non-equilibrium" model at low qualities. 
80 
6; cSLIP VELOCITYVRATIO )1 
The importance of the ratio of phase velocities 
in the analysis of two-phase critical flow is apparent 
from the previous chapter. The present concor. i is with 
bubbly mixtures within which it has generally be(-. -i found 
that the relative velocity between the phases is small, with 
the result that it has been neglected in comparison to the 
effect of departures from thermodynamic equilibrium within 
the mixture. 
Many chemical engineering problems, involving 
bubbles within a liquid, have revealed a significant 
dependence on. bubble motion of the processes which occur 
at the bubble surface. It, therefore, appears that the 
principal effect of slip velocity in a steam/water bubbly 
system will be in the thermodynamics rather than the 
mechanics of the flow. The success of a non-equilibrium 
model in describing a two-phase choking flow will depend, 
to a great extent#on the correct prediction of the rate of 
vaporization which occurs within the mixture and this will 
be governed significantly by the slip velocity ratio. 
Previous studies have resulted in empirical 
expressions for the slip velccity ratio. However, 
observations of the two-dimensional effects existing within 
a two-phase flow have indicated that these expressions do 
not accurately represent the physical system. 
A-model is proposed, based on a balance of the 
forces acting on an individual bubble, with which to predict 
the relative motion between a bubble and the contiguous 
liquid. 
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6.1 Literature Surve 
Separated flow models as used by Fauske 
(50) 
(51) 
and Cruver and Moulton have resulted in slip velocity 
ratios at the exit of a critical flow, significaL'fly higher 
than those measured in 'experiment. This is probably due 
to an underestimate of the exchange of momentum between 
the phases. Clearly this type of model cannot be 
applicable to a flow which remains in the bubbly regime 
as the exchange of momentum between a bubble and the 
surrounding liquid, due to the drag forces acting on the 
bubble, is very great. 
(58) 
Also using a separated flow model, Levy 
derived the expression for the slip velocity within a 
steam/water flow: - 
'' (2a)ß/x a- 
_/ 
Pf, 
This was found to agree with experiment, but as 
6.1 
both the theoretica] derivation and the experimental 
measurement of quality were based on the concept of thermo- 
dynamic equilibrium, equation 6.1 may not accurately 
represent. the. physical system. 
Several empirical correlations for the slip 
velocity ratio have agreed well with experiment for 
qualities above 10-2 and pressures greater than 5 atmos- 
pheres. The most widely used correlation is probably 
that of Lockhart and Martinelli 
(47) 
who assumed the 
voidage to be a function of the non-dimensional para- 
meter defined as: - 
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1-m h,, 6.2 
where the friction factor for each phase is given by the 
Blasius expression: - 
(ým 
= CS 
cF =- CF 
6.3 
The voidago was correlated to the function (6.2) using 
the values of C9, Cr, m and n, appropriate to given types (47) 
of flow 
(59) 
Marchaterre and Iloglunds correlated the 
measured slip velocity ratio in a 'vertical steam/water 
flow with the parameter 
ý1 
xý p 6.1E 
and found a dependence of slip on Froude No. 
A linear relation between the slip velocity 
(6o) 
ratio and quality ways assumed by Haywood et al. 
o'_ 1 +A3c 
where A was correlated to 
Vy_VF 
VF 
6.5 
(59) 
Although the work of Marchaterre and 
(6o). 
Ilaywoöd give reasonable agreement with high quality, 
high pressure steam/water flow, as the measurement of 
quality in experiment relies on the assumption of thermo- 
dynamic equilibrium, ": its' "- relevance to a system which 
11 is 
not in equilibrium must be suspect. 
All of the above correlations overestimated the 
slip velocity ratio in low quality steam/water and air/. 
:: rater flows. It appears that for a flow which remains 
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in the bubbly regime, another model is required to predict 
the slip velocity ratio. 
In a very low quality bubbly vertical two-phase 
flow it is likely that she slip velocity ratio is closely 
related to the terminal -velocity of an individual bubble (62) 
in a stationary liquid. 
This approach to the problem was made by Collier 
(11) 
and Wallis who assumed 
ý- 1+ UA. (1- oc)' 6.6 üW 
where 0.5<1.0 according to the bubble size regimes 
(61) 
defined by Peebles and Garber 
For air bubbles exceeding 1.2 x 10-2 ft. in 
radius, it was suggested by Zuber that 
`r 1 uý1=a) 6.7 
X63) 
- 
Simpson and Rooney assumed that the mean 
gas velocity was given by i- 
UR ° uiwno + URA 6.8 
where Uhomo represents the mean velocity, if the fluid 
were flowing homogeneously (= G [xV1 + (1-x) V,, ]); and 
URel is the relative velocity of the bubble to this 
homogeneous velocity. Ußel was assumed to be the terminal 
velocity of a bubble within the bubble churn-turbulent 
(61) 
regime defined in reference After some algebraic 
manipulation it can be seen that equation 6.8 reduces to 
the form of equation 6.7. 
Equations*6.6 and 6.7 predict slip velocity 
ratio, much smaller than have been measured in vertical 
( 25) 
air/water flows 
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(67) 
Bankoff suggested that no actual slip 
velocity ratio occurred between a bubble and the surround- 
ing liquid, the measured values of slip velocity being due 
entirely to voidage and velocity variations across a 
section of the flow. Such voidage and velocity profiles 
(64) (65) 
have been noted in experiment. 
Assuming power law distributions of voidage and 
velocity, Bankoff derived the expression for the apparent 
slip velocity ratio in a horizontal two-phase flow 
LAPP T° ý' oC 
being the mean voidage across a section, and K, a 
distributional parameter, depending on the form of the 
profiles, and having a value 0.5 <K <1.0. 
K was assumed to be linearly dependent on the 
fluid pressure 
6.8 
i. e. 1: o 71 +o "ooo z. P 6.9 
(where P is-measured in p. s. i. ) 
This theory showed reasonable agreement with 
(147) 
the Lockhart-Martinelli correlation for pressures 
above 100 p. s. i., with K equal. to an average value of 
0.89. 
(66) 
It was pointed out by Zuber that the para- 
(4 8) 
meter K could be replaced by the Armand correlation 
constant 
G O. 8*53 
A 6.10 
which enabled equation 6.8 to successfully predict Russian 
experimental *results. 
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(69) 
Neal and Bankoff modified equation 6.8 by 
assuming a constant "local" slip velocity (S between the 
bubble and its surrounding liquid, resulting in the 
expression 
Y 
V . aao cr (, ý-2 6.11 K' - 
KI being another distributional parameter equal to K when 
.C 
r= 1.0. For vertical flow, 6' was assumed to be given 
by an equation of the form 6.7. 
It was assumed by Levy , that the local velocity 
of the gas phase was proportional to the local flow velocity U 
ie. uA - kü 6.12 
This led to the expression for the apparent slip 
velocity ratio of 
ý- 1-E 
K_ öc 6. i3 
The value of k was derived from e: cperimental work 
and for small voidage became equal to K resulting in an 
apparent slip of unity. 
In order to include the effect of velocity and 
. 
(68) 
voidage profiles, Zuber modified equation 6.7 to 
C-(1 - Coo) = Co(1-a) + U. 5 6.14 uw 
where Co is a distributional parameter equivalent to the 
reciprocal of K (the Bankoff distributional Parameter). 
The value of Co = 1.2 gave good agreement with experi- 
mental work for a vertical churn-turbulent flow of air 
bubbles with radius > 1.2 x 10_2 ft. 
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It will. be noted that the accuracy of the above 
theories depend critically on the value of the distribu- 
tional parameter. ' This parameter, being a function of the 
shape of velocity and vo; -iage profiles across a section of 
the flow, will probably vary significantly along the flow. 
Hence in a flashing flow, if the nucleation is assumed to 
occur homogeneously, the distributional parameter will 
have an initial value of unity and will then decrease due 
to bubble migration towards the centre of the tube and the 
resulting change in velocity profile. This will be 
discussed more fully in section 6.5. 
Simultaneous measurement of voidage and velocity 
profiles within a flow will yield the value of the 
distributional parameter at a given position in the flow. 
Such measurements are difficult to make in a two-phase system. 
(60) 
Haywood measured the variation of voidage 
profile shape with gas velocity, quality and pressure. 
Using aX -ray attenuation technique and assuming the flow 
to be axi-symmetric about the centre of a vertical flow 
tube, the profiles shown in Fig. 33 were obtained. At low 
pressure the voidago profile was found to be parabolic in 
(67) 
shape, thus verifying the approach of Bankoff An 
approximate linear variation of voidage with radial position 
was found at intermediate pressures of about 600 p. s. i. 
Above this pressure, the profile exhibited a maximum value 
at a position other than the tube centre. Profiles of 
(6'+) 
the latter form have also been measured by Hammitt 
Decreases in quality were found to make the voidage profile 
less prominent indicating that in the limit as X-" o the 
voidagc is constant across the flow. 
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In dealing with critical flow in a two-phase 
system which remains in the bubbly regime, large specific 
mass flow rates and very small 
'jualities 
within the 
major portion of the flow are expected and hence devia- 
tions of the velocity and voidage profiles from , plane 
have been neglected in this analysis (chapter 7). 
Radial bubble distributions probably become significant 
in the latter portion of a choking flow and this effect 
is discussed in section 8.5. 
It is expected that one of the major effects 
of the slip velocity ratio in a critical flow is to 
increase the flow of heat between the phases. When used 
in this context, a "local" slip velocity ratio must be 
defined as the ratio of the bubble velocity to the 
velocity of the surrounding liquid, which will be inde- 
pendent of any two-dimensional profiles which may exist. 
Before an analysis of the critical flow phenomenä' 
in a bubbly two-phase one-component flow can be under- 
taken, it is necessary to obtain an estimate of the 
magnitude of the "local" slip velocity ratio which exists 
in such media. 
6.2 Dynamics of a bubble accolerating through a two-phase 
The problem of predicting the motion of a bubble 
in a two-phase medium is'one of viscous fluid flow which 
cannot be solved directly.! However, the drag on a bubble 
can be regarded as a combination of tangential stresses 
and normal stresses,, i. e. viscous drag and "forme drag. 
Tangential forces at'the'bubble surface can only arise 
from a non-uniform 'surface tension, due to the presence of 
Öts 
impurities, or the existence of circulation of the gas 
within the bubble. Neither of these effects is expected 
to be large. The "form" drag arises from the energy 
dissipation i'. i the bulk of the. fluid surrounding .. he 
bubble and is the most important. 
6.2. ' Form drag force 
Fig. 29.1 shows the variation of terminal 
velocity of an air bubble in water with bubble radius, 
(61) 
according to Peebles and Garber - Four regimes of 
bubble behaviour were noted. Very small bubbles behaved 
(71) 
in the way predicted by Stokes In the second regime, 
bubbles up to a radius of 3.25 x 10-3 ft., acted as solid 
spheres. Between the radii 3.25 x 10-3 and 1.2 x 10-2 ft. 
the bubbles were found to deform slightly, hence increasing 
the viscous drag force. A constant terminal velocity was 
found in region four, where the bubbles were hemispherical 
in shape. The last regime will not be used in this 
theory, as gas bubbles of this size and shape, within a 
(74) 
two-phase flow, have been categorized as "Taylor" slugs 
and require a separate theoretical treatment. 
The terminal velocity of a bubble in a stationary 
liquid represents a balance of the buoyancy and drag 
forces, hence from Fig. 29.1 a further graph can be drawn 
of the drag coefficient, CD, against bubble radius (Fig. 
Ii, '29.2). 
The drag coefficient is defined by the equation 
Drag Force (d) - zD v r2- 
LL,, 4 
pW . 
6.1.5 
To enable the graph shown in Fig. 29.2 to be 
used in numerical computations, two-empirical curves were 
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,E 
fitted either side of the minimum'value of CD at r=3.25 
x 10-3 ft. This ensured maximum accuracy of values of 
the drag coefficient, for bubbles of radii between 103 
and 10-2 ft. 
The values of CD were found to be given by the 
equations r. 
Ca _oSý Xlo'3. +X10_6 -o 
0Eý" r<325xj. TfE 
r r1 
CD 2.42 X]o'r". - 80-o r-o "ai- r>3.: z5.163f r 
6.16 
6.2.2 Displaced mass drag force 
When a spherical bubble accelerates through a 
medium, it is subject to a further force retarding the 
(71) 
motion equal to; - 
M'. dü 6.17 
z J_t 
where M1 is the mass of liquid displaced by the bubble. 
For a bubble moving within a two-chase mixture, it is 
assumed that this force will be of the form 
"ai r3(1- x) ýl 
(uA 6.18 
(where pw(1-c>c) is -the average density of the surrounding 
fluid) although this expression may be modified due'to 
the close proximity of other bubbles. 
6.3 Equation of motion of the bubble 
The motion of a spherical bubble in a fluid is 
determined by the action of drag forces, buoyancy force 
and the pressure-gradient in the direction of flow. 
The momentum equation of the gas phase in a two- 
component bubbly mixture has been derived in appendix D 
(equation D. 10). 
pA UA cLuA =- äe -ND. 
9o 
0 
From equations 6.15 and 6.18 
D;, =d+ 1'rJpWlI- a) d.. (u -Uw) 
6.19 
äº 
using equations 5.4 and 7.45, and assuming o(1-c 
)Rý/zPR» 
1.0, the equation of motion for the Gas phase can be 
shown to be 
Qi' `ý) Pýýup 3: a u"'FS` __ crdzPý, + PW9S:,, 0 6.20 
where d= CD Tr r'(UlA -ll)'p, 
6.21 
and 8 is the inclination of the flow to the horizontal. 
6.4 Slip velocity ratio in an air/water bubbly mixture 
In order to investigate the behaviour of the 
slip velocity ratio in an air/water system, the relevant 
equations will be stated here.. The derivation will be 
given in chapter 7. 
Momentum equation for the liquid, phase 
(LIa? Ui -Uwöýtý 1_oc i 11 6 -t1dTk_FU" +n{ a r. 
6.22 
äý ýýýý fc L CAS"ýý wý$ {upaY 2D 
t }ý9, ý, s 
Continuity of mass: - 
1- 'a pA zuw : y-r, q; ýC \ pA Ü, r, nP 
R uA 6.23 
where the compression and expansion processes within the 
gas phase are assumed to be polytropic with index n. 
In the calculations, these processes are assumed iso- 
thermal (n = 1.0), to agree with the observations made 
(72) 
by IDuey and Bryant 
Equation, 6.20,6.22 and 6.23 represent the 
motion of a two-phase air/water system as a set of 
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simultaneous non-linear differential equations. The 
solution was computed numerically using a forward integra- 
"tion technique. Assuming the existence of bubbles of 
a. finite size with a sip velocity ratio of unity at the 
initiation of the two-phase flow, the flow prope_'ties 
could be determined at all positions along the pipe. 
Fig. 30.1 shows the increase in slip velocity 
ratio as the bubble progresses along the pipe. The 
bubble accelerates frone the imposed initial condit4. on 
until a more stable situation is reached, after which the 
slip velocity increases slowly. During the initial 
bubble acceleration, the voidage decresses to a minimum 
and thereafter increases due to bubble expansion. It 
is the value of the snip velocity ratio at the position 
of maximum voidage which is shown in the subsequent 
figures. 
The -influence of bubble radius on the slip 
velocity ratio was found to be greater than that of the 
bubble population or. voidage. This can be seen by 
comparing Figs. 30.2 and 30.3. 
Fig. 30.4 shows the variation with velocity, 
for constant bubble size, the slip velocity ratio being 
almost independent of velocity in a horizontal flow. 
(25) 
This has been noted in experimental work 
At high liquid velocities, the slip velocity 
ratios are ofthe same order in both vertical and 
horizontal-flow., Fig. 31 shows the variation of slip 
with the angle of inclination to the horizontal. of the 
flow, for various velocities. As expected, in low 
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velocity inverted flow the slip velocity ratio becomes 
less than unity, resulting in an increase in voidage and 
a possible change of flow regime. 
(67) 
It was assumed by Bankoff that no c ctual 
slip existed between a bubble and its surrounding liquid 
in a horizontal two-phase bubbly flow. However, this 
analysis indicates the existence of a slip velocity ratio 
of approximately 1.05 in such a system, the result being 
independent of liquid velocity and varying slightly with 
bubble radius. 
In a vertical system, this theory compares (68) 
favourably with the expressions assumed by Zuber and 
(11 ) 
Collier and Wallis , all three exhibiting the same 
variation'with liquid velocity (Fig. 32»1) 
1. 
The variation of slip velocity ratio with void- 
age predicted by this theory is of the same form as the 
predictions of Collier and Wallis. However, the absolute 
value is found to be higher Fig. 32.2). This is 
probably due to the assumption made by Collier and Wallis 
that at very low voidages the relative velocity of the 
bubble with respect to the liquid phase is equal to the 
terminal velocity of a single bubble in a stationary 
liquid. 
The terminal velocity of a bubble in a stationary 
liquid is determined by the balance of drag forces and 
buoyancy forces. In a moving system there exists a 
larger variation of pressure around the bubble surface 
and as it is this pressure which must be, integrated over 
the bubble surface to determine the buoyancy force, a 
larger "terminal" velocity will result. 
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Using the same reasoning, it may be expected 
that the slip velocity ratio will increase with the 
fluid velocity. However, an increase in pressure 
gradient will result in a larger relative veloc.. ty between 
the phases and not, necessarily, a higher slip velocity 
ratio. 
In view of the small values of slip predicted 
by the theory, it appears that the values of drag 
coefficient implied by experimental measurement of 
(25) 
slip are inconsistent with those calculated from the (61) 
work of Peebles and Garber (67) 
As suggested by Bankoff the experimentally 
measured slip velocity ratios in a two-phase bubbly 
mixture are principally the result of voidage and 
velocity variations within the flow. In order to com- 
pare the calculated values of the "local" :. lip velocity 
ratio with measured valuestit is necessary to consider 
these two-dimensional effects. 
6.5 Rffect of voidage and velocity profiles 
When a bubbly two-phase mixture flows along a (60) 
tube it has been observed that the bubbles have a 
velocity component in a direction perpendicular to the 
tube walls. The actual flow mechanisms which initiates 
this bubble migration is unknown, but it appears from 
existing literature, to be due to a combination of the 
"Magnus" effect and the "Bernoulli" effect. The former, 
due to rotation or circulation around the bubble probably 
induced by the large velocity gradients which exist near 
a solid boundary, produces a "lift" force acting away 
94 
from the boundary. The "Bernoulli" effect, being due to 
the velocity and hence pressure distributions around a 
bubble situated near a boundary, gives rise to a force 
on the bubble acting towards the surface. It is there- 
fore a balance of the: -, e 
forces which produces the distri- 
bution of bubbles, or voidag. " profiles, which have been 
(61+)(65) 
reported by several authors Fig. 33). This vari- 
ation in fluid density across the flow area will lead to. 
fluid velocity profiles which are expected to deviate 
sigriificaiitly from the usual 1/7 power profile found in 
turbulent single phase flows. 
The following analysis is intended to give a 
guide as to the effect of such voidage and velocity 
profiles on the values of the slip velocity ratios 
measured in experiment. 
Assume that the local'voidage and liquid velo- 
city are symmetrical about the pipe axis, and that there 
exists a constant "local" slip velocity of 6. 
Considering an elementary annulus of flow area, 
thickness dr, at a radius r from the tube centre. The 
mass flow through this annulus is: - 
AW 7'I'T1'LLt- (o< UaF'A +(1-°ou. +cw) 6.24 
If Uw and o( are functions of r only, this can be inte- 
grated, hence 
RR W=2.1T[ p,, frU. w(r)(1- ec(r))ckr + cr'pqý Uw(r)c&(0J. r] 6.25 
00 
For an air/water system, the mass flow rate of 
. each phase 
is constant. 
IrPý jr Uw(r)(1-oc(r)) dr -IT R2(1-°t) 6.26 
0 
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2tYPß 6f r- uw(r)oC( ) ckr = it R'& w E"er, 6.27 1a 
Also the average voidage across a flow section is given 
by 
R 
OC = 2°r rcz(r)c%. r 
R 6.28 
Assuming the voidage and velocity profiles to 
be given by 
CC oC ý/R )"6.29 
t_Lw-l. lr, ýý-r/R)m 6.3o 
equation 6.27 can then be written 
2ltMaM c-r tr 
(i 
- ýý\ 
mtn ctr 
a 
R' 
C? Z CS 
L 
yý 
Evaluation of the integral results in the expression 
oý Uh Cr _ öc ä-' llI6.31 (m+11 +1 mtn+2) 
It can be shown that equation 6.26 and 6.28 
reduce tor- 
ýw 6.32 1_ý m+l m+z min+i m+-n+z 
and r 
+l ýn+z 6.33 
ýC =M 
Combining equations 6.31 -, 6.33, the following 
result is obtained 
J- 6.34 
where m+rat1} Mn4.2) 6.35 
(67) 
This result is similar to that obtained by Bankoff 
The values of m and n will probably vary considerably as the 
flow progresses along the pipe, particularly near the pipe 
inlet before the flow has fully developed. However, Bankoff 
96 
suggested a value of K of 0.89 and it was confirmed by 
(66) 
Zuber that this value save good agreement with 
available experimental data. 
A theoretica _ indication of the vale of 
distributional parameter, K, can be gained by considering 
two further elementary flow models. 
If the bubbles are distributed homogeneously 
within the flow except for a small annulus of flow area, 
thickness &, next to the pipe wall where the voidlage is 
zero. 
oC _ ocM yp 
R-b r 
6.36 
Assuming the velocity profile to be as previously discussed, 
and described by equation 6.30, equations 6.26 - 6.28 
again result in the ratio of "apparent" slip velocity 
ratio to "local" slip velocity ratio being defined by 
equation 6.34, with 
K 
(rn+l)(Rlm. ý +W 
6.37 
If m is assumed to be 1/7, which is the approx- 
imatq value for a single phase turbulent flOWiRe > 2,000, 
and 5 is10% of the tube diameter, evaluation of 6.37 
gives 
K 0.916 
A linear voidage profile and "power law" 
velocity profile given by 
oC - cý<M -- 
ýoCM -ono) Y 
6.38 
u-fr - uM 
(1 
Pý ! 
ºn 
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results in the expression: for K 
7n* 3 
ri c 
The maximum `a 1ue of cx, H/öc occurs i. ien the 
voidage at the tube wall is zero, i. e. oCMloý, 3'O 
Evaluating 6.39, again with m= 1/7 gives the minimum 
6.39 
value of K as 0.92. 
6.6 Comparison of theoretical predictions of slip velocity 
ratio with experiment 
In this comparison of the results of the theory, 
(section 6.1k) for the slip velocity ratio in an air/water 
system, with experimental data, the effects of two- 
dimensional distributions of velocity and voidage have. 
been taken into account. 
The "local" slip velocity ratios predicted in 
the preceding sections are based on a one-dimensional model 
and it_i. s probable that due to variations of velocity and 
voidage, a slip velocity ratio profile will also exist 
across the. section of a flow tube. As the exact form of 
these profiles are unknown, it is assumed in the following 
correlations that the apparent or measured value of the 
slip tielocity, is given by 
'cr-APP = cr- 
c K- a1 
6.36 
where .0 is the local slip velocity ratio characteristic 
of the mean voidage (oC) and the mean fluid velocity of 
the two-dimensional flow, as predicted by the theory 
section 6.4). K is a distributional parameter assumed 
to be approximately 0.9. 
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(25. ) 
Herries measured the slip velocity ratio in 
both vertical and horizontal air/water systems. Over 
the range of liquid velocities and bubble sizes used, 
equation 6.36 rives reasonable agreement with these results 
(Fig. 3t). It should be noted that the same value of 
distributional parameter was used to predict (TAPP in both 
horizontal and vertical flows, indicating the same form 
of voidage and velocity profiles in each case. 
(68) 
Fig. 35 shows experimental data for a 
vertical flow of air bubbles in water. The importance 
of a correct estimate of K can be seen from the various 
predictions shown in this figure. 
It is concluded therefore that the measured 
values of slip velocity ratio in the bubbly regime of a 
two-phase flow are mainly a result of voidage and 
velocity profiles which exist-within the flow. In this 
chapter, it has been proposed that a small "local" slip 
velocity ratio exists between a bubble and its surrounding 
liquid, and that this will-be an important factor in 
the following analysis of a choking two-phase one- 
component flow.,; bi'cauv; e 01 thi:. -presence 0 
Csndients such as' occur near the outlet of a choked flow, j 
thi small "local" slip may beccrno quite Zar; e. 
7. ANALYSIS = OR-TWO PHASE ! CRITICAL FLOWS 1, <<. 
The object of this analysis is to produce a 
rational theory for the choking phenomenon in a one-component 
L'ibbly mixture, which includes both the effects-of a slip 
velocity between the phases and a finite rate of vaporiza- 
tion. 
The slip velocity ratio in such media has been 
discussed in the previous chapter and appears to be con- 
siderably smaller than suggested by previous critical 
(5o)(52) 
flow models However, it cannot be neglected in 
the present model as, together with the inter-phase sur- 
fact area and its heat transfer coefficient, the slip 
represents one of the major parameters upon which the 
finite rate of vaporization depends. 
Several empirical formulae for the heat transfer 
coefficient of a vapour bubble surface will be surveyed 
in section 7.6.1. However, due to the unknown influences 
of voidage and bubble size, the determination of h, will 
generally be through correlation with experimental data. 
The bubble/liquid surface area is dependent on 
the number and size of bubbles per pound of flashing 
liquid (N) and represents one of the most important unknown 
variables. Previous authors have suggested values of N 
between 500 - 1010 , the former being probably measured 
after considerable coalescing of the bubbles had taken 
place and the latter is likely to be an overestimate as 
this number of bubbles in a 50% voidage mixture implies 
-4 
an average bubble radius of less than 10 ft. The 
" 1ýU 
number of nucleation sites within a liquid will vary 
significantly, with undissolved gas content and other 
impurities, and it is not possible to obtain a value of 
N applicable to all systems. By photographing a flash- 
ing system Fig. 111.1), :t was estimated that of the order 
of 20,000 bubbles existed in a pound of untreated water, 
and it is this value which has generally been used in the 
following chapters. 
In choking flow experiments, it is required to 
know the length of pipe in which flashing is occurring, 
hence a position where flashing is said to commence must 
be defined. This point is generally where the bubbles 
become visible to the naked eye. In this case a finite 
initial value of the flow quality exists and this is re- 
ferred to as X. in the calculations. Due to the specu- 
lative definition of the initiation of flashing, xo 
represents another major variable in the calculations. 
From the photographs shown in Fig. 14+. 1, the smallest 
-3 
bubbles which can be detected are of the order 10 ft, 
with 20,000 bubbles/lb. of fluid. This represents a 
-6 
quality of approximately 10 
As noted above the variables N and X. may be 
estimated for a given system by photographic methods, and 
a value of h determined by correlating theoretical and 
experimental results. An experimental programme is under- 
way at the Heriot-Watt University to produce measurements 
of these relevant variables. 
-1 U1---- 
7.1 Mathematical model describing a critical two-phase 
one-component flow 
A one-dimensional theory for a-two-phase flow, 
with a. homogeneous distribution of equal sized bubbles, 
the existence of a slip velocity ratio and non-equilibrium 
effects will be described in the following chapters. 
Previous authors have used one-dimensional models 
and it is probably sufficient to describe the major part 
of a homogeneous two-phase critical flow. However aL 
the outlet of the flow tube, once the critical condition 
has been reached, two-dimensional effects could be 
(55) 
important The consequence of radial variations in 
fluid velocity and bubble distribution will be discussed in 
section $. 5. 
Surface tension can be a major cause of non- 
equilibrium in a two-phase flow 
(50) 
Such an effect can - 
only cause significant departures from equilibrium at the 
initiation of flashing when the bubbles are small. In the 
present model it is assumed that non-equilibrium exists 
because of the time required for heat to be conducted from 
the bulk of the liquid phase to the bubble surface, or in 
other words the vapour formation is heat transfer limited.. 
As this approach to the problem Is only 
applicable to a two-phase flow which is in the bubbly regime, 
it is necessary to determine the maximum values of flow 
quality and voidage which are permissible within this 
regime. 
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7.1 .1 Flow regime mass 
When two phases flow simultaneously through a 
pipe, the gas or vapour phase may be distributed in 
7) 
different ways within the liquid phase This distri- 
bution or "flow regime" will depend principally upon the 
voidage, the relative motion of the phases and the specific 
mass flow rate. For this reason the flow regime maps 
shown in Fig. 36 have been transformed from the original 
axes to a Cz/x system which also enables comparisons 
to be made between the maps. 
-"A study of the relevant flow properties which (73) 
determine the flow regime reveals that for pressures 
higher than one atmosphere, the maximum quality at which a 
bubbly flow exists is increased for a given specific mass 
flow rate. 
The flow maps are purely experimental and there- 
fore represent only approximate boundaries. No theoretical 
analysis exists to accurately predict these boundaries 
although it is likely that surface tension and viscosity 
are important., 
In most cases the flow regime was categorized 
by visual observation of the flow, which represents a 
possible source of error as recent X-ray photographic 
(76) 
techniques have shown that some visibly bubbly flows 
conceal vapour cores or slugs. 
In a horizontal steam/water flow with specific 
mass flow rates greater than 1,000 lb. /ft. 
2sec., it can be 
seen from Fig. 36.1 that the'bubbly regime exists up to a 
-2 
quality of 10 At atmospheric pressure and assuming an 
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(25) 
average slip velocity ratio of 1.5 , this corresponds 
to a voidage of 70%. This value is probably an over- 
estimate as the maximum voidage possible-with closely (77) 
packed. equal spherical bubbles is 0.74 . 
It is assumed in this work that once the voidage 
becomes greater than 0.5, the bubbles have deformed 
sufficiently for the mathematical model to be no longer 
applicable. 
7.1.2 Basic assumptions 
In the following analysis of the critical flc. w 
of a two-phase one-component medium in a cylindrical tube, 
it is assumed that: 
(i) A homogeneous distribution of equal sized 
bubbles exists within the flow. 
(ii) The bubbles move relative to the liquid, 
the magnitude of this slip velocity 
depending on the drag force acting on an 
individual bubble as described in section 
6.2, and the pressure gradient which 
produces the driving force. 
iii) The flow is basically turbulent and hence 
the pressure and fluid velocities are 
approximately constant across a section 
of the flow tube. 
(iv) No bubbles are in contact with the pipe 
wall, so that the wall friction forces act 
only on the liquid phase. 
(v) The fluid departs from a state of thermo- 
dynamic equilibrium owing to the time taken 
1O4 
for heat to be conducted from the liquid 
phase to each bubble. 
(vi) The liquid phase is incompressible. 
(vii) The thermodynamic properties hfg and Cw 
are constant. 
Derivation of equations describing a two-phase one- 
component flow 
7.2 Momentum equation for the liquid phase 
The momentum equation for the liquid-phase in a 
two-phase one-component flow is derived in appendix D 
(equation D. 9). For a horizontal evaporating flow it 
reduces to 
Pf M PF pF at d2 0J JTP 7.1 
where Do is the drag force acting on an individual bubble. 
In chapter 6, Do is shown to be given by 
Da Cazt'r' (u. -u )zp + D. rr'P usduu _UcJ_UFl 7.2 3\ dQ ) 
It thus remains to choose an empirical expression 
which describes the pressure drop in a two-phase flow. 
7.2.1 T'wo-phase frictional pressure drop 
The pressure drop which occurs when a two-phase 
mixture flows along a pipe has been the subject of much 
literature. In the present work an empirical equation 
is sought which describes the pressure drop in low-quality 
two-phase one and two-component flows and it is therefore 
necessary to review a few of the correlations and empirical 
formula derived by previous authors. 
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(4+7) 
The correlation of Lockhart and Martinelli 
is probably the most widely used method for predicting 
the pressure drop in a two-component system. Experi- 
mental measurements of the ratio of pre: sure drops 
1/0( 
Pl5-PL were correlated to the non-dimensional 
variable described in chapter 6 (equation 6.2). The 
resulting relation has been used with reasonable success 
over the complete range of qualities and pressures. How- 
(78) 
ever it has been pointed out by Chisholm that the 
correlation was developed mainly for horizontal two- 
component flow at atmospheric pressure and hence applica- 
tions at higher pressures or to a one-component mixture 
may result in an appreciable error. 
"(78) Chisholm suggested that for an air-water 
system the two-phase frictional pressure drop may be 
estimated using the equation 
Ck P, TP 
1+G 
FTPý3ý 
SP4 
de3SF4 
o(PJSP< SP L 
Giel FL 
where 
a ý1T5 P 
sFC- « 
I P] 5PL 
=1 
The value of the constant c was found to lie 
between 5 and 21 depending on the absolute pressure and 
the type of flow regime as described by Lockhart and (47) 
Martinelli 
(79) 
It was recow-mended by Chisholm and Laird 
that for general engineering work the expression 
CPI rP 
0.2 
aPl 
5DL 
(1 "a)t1S J 
should be used to obtain an estimate of the two-phase 
7.3 
7.4 
7.5 
frictional pressure drop. 
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(so) 
For a bubbly air/water mixture Wallis found 
that the formula 
d_P7,. 
P = 3_oQs(GK'o6)3 7.6 
[Cl 16sýFr'I, r. 
although dimensionally inconsistent, successfully predicted 
the pressure drop in pipes of up to 1" in diameter. 
(81) 
Martinelli and Nelson correlated the two- 
phase pressure drop in a steam /water system with the non- 
dimensional variable 
p 4`72/ ý 
0"IýF3 ý,, ýf 
ft 
f1µ9) 
w 7.7 
This yielded a similar result to the Lockhart-Martinelli 
correlation. 
A similar equation to 7.3 was derived by Chisholm 
for application to a steam/water mixture. However. good 
agreement with the Martinelli-Nelson correlation was only 
obtained at pressures nearing the critical pressure. 
(58) 
From shear stress considerations, Levy 
derived the approximate expression for the two-phase pressure 
drop 
Cý.. P ] TP -11 
aPJSPL (ý 7.8 
(82) 
which. was found by Chisholm to give a good correlation 
with experimental data for pressure gradients below 60 lb. / 
3 
ft. 
The pressure drop "ratios" so'far discussed 
represent pressure losses measured over an infinitesimal 
small length of pipe such that the flow properties retain 
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a constant value. Hence they can be applied directly to 
a non-accelerating air 
/water 
system where the voidage and 
. quality do not vary significantly along the length of the 
flow. In a flashing or. accelerating system, the voidage 
and quality continuously change,. and therefore tba total 
pressure drop along a given length of pipe must be 
given by 
Anp 
=1 
x£ 
cAPJTP (Jtx 
1 xr Q 
rýJsrý o sPL 
where XE is the quality at the exit of the pipe. 
If JPITI. APItOIL is known as a function of the 
voidage then equation 7.9 may similarly be written in 
terms of the exit voidage o(r 
For this approach to give satisfactory results 
the variation of flow quality or voidage along the flow 
must be known. 
(81 ) 
Martinelli and Nelson assumed a linear 
relation between X and distance along the flow, and to- 
7.9 
gether with their correlation previously noted, were able 
to estimate the pressure drop in an evaporating system. 
(80 ) 
Experimental work was carried out by Wallis 
with an accelerating bubbly flow. Air bubbles were 
continuously injected into a flow of water through the 
pipe walls which were of a porous material. The two- 
phise pressure drop was correlated with the non-dimensional 
parameter where represents the radial air flux at 
the pipe wall and Ü the liquid velocity. The correla- 
tion suggested the empirical equation 
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ATP 1 +7.10 L JJsa,. 
where m and n took on various values according to the 
pipe size., For the application of this'correlation to 
-: flashing system it wa:, assumed that ö2 could be regarded 
as the'rate of vapour formation on the tube walls. 
Hence YF, is proportional to the flow quality at the pipe 
exit and equation 7.10 is similar to the equation derived (80) 
by Jakob 
+Kxýi7 7.11 
'60 SfL 
If, as assumed by Martinelli, x varies 
linearly along the pipe length and flashing commences 
at the pipe entrance, the average quality within the 
flow is XejZ and equation 7.11 is of the form 
r JrP =1+ K// 
°C 1 i7 7.1 2 
l 1-al 
J SPA 
where K' is a constant only if the slip velocity ratio is 
considered to have a constant value along the flow. 
From these previous theories it is evident that 
the non-dimensional parameterä may be sufficient 
to correlate with the two-phase frictional pressure drop. 
The analysis gives in appendix C, which is similar to 
(78) 
that presented by Chisholm sbows that the pressure 
drop in a two-phase flow may be given by 
03, "P 
+ 7.13 
SPL 
where n has an approximate value of 0.25 depending on the 
pipe inner surface. 
For small voidages, this can be approximated to 
\ _al P] SPI. 
1 7.14 
where m=1.75, although experimental work with air/water 
(25) 
bubbly mixtures indicates that for voidages up to 30% 
an equation of this form (7.111) will successfully predict 
the pressure drop in a horizontal flow with m'= 3.0. 
Equation 7.14 is compared to the predictions of 
other authors in Fig. 37. The curves are plotted over 
the range of voidages with which this report is most con- 
cerned, and at a pressure of one atmosphere. For an air/ 
water system under these conditions it can be'seen that 
Chisholm (equation 7.3) predicts pressure drops much 
larger than those suggested by the Lockhart-Martinelli 
correlation. The general equation (7.5) for all flow 
regimes predicts low values for the pressure drop in the 
low quality regime considered here. 
The dependence on flow rate is made clear by 
the results of Wallis (equation 7.6). Experimental 
(25 ) 
verification of equation 7.14+ was carried out with 
specific mass flow rates of 100 - 300 lb. /ft. 
2sec. 
which 
probably accounts for the agreement between equations 7.6 
and 7.14 shown in the figure (37.1). However it is 
possible that higher flow rates result in larger values of 
the two-phase frictional pressure drop than will be 
predicted by equation 7.14. 
For a steam/water flow, Fig. 37.2 shows good 
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agreement; between the Martinelli-Nelson correlation, 
the equation of Levy and equation 7.1! 1. The equations 
-due to Wallis 
(7.10) and Jakob (7.13) were evaluated with 
the constant KI = 3.0 wh-. ch gave best agreement. 
It has been shown in this section that equation 
7.14 can be used to give an acceptable estimate of the 
two-phase frictional pressure drop in both air/water and 
steam/water horizontal systems and hence will be used in 
this analysis. 
Using equation C. 1 (Appendix C) for the friction- 
al pressure drop in a single phase flow, together with 
equation 7.14 gives 
c%Pl iu pF (1 + mä \ 7.15 
cl C' JTP 2. D \I- 
Equations 7.15 and 7.2 are hence substituted into 
the momentum equation for the liquid phase (7.1). 
Assuming the flow to be steady, the momentum 
equation for the liquid phase of a-two-phase bubbly flow 
becomes,. 
OF dUF - 
ä. P +t4 +(L-a)pc (IL yd - UFAUF1 -4 Uö 14 
ma1 
Oct - pw Te 2 Egg TQ TQ 1 ID 1=a 1 
d being defined by equation 6.21. 
7.16 
7.3 Momentum equation for the vapour phase 
For a horizontal evaporating one--component bubbly 
flow, the momentum equation of the vapour phase has been 
shown to be: (appendix D, equation D. 10). 
Pg u, 3 d a5 = ýln 
(i. ) 
it clQ. 0< 
Substituting for Do from equation 7.2 and making 
the approximations indicated in section 6.3, this can be 
written 
III 
äe - Uc cLýý1 _- 
d2 _ 7.17 dýC / ='ý 
7.4+ Continuity equation (conservation of mass) 
For a single xhase one dimensional compressible 
fluid flow the continuity equation is 
ä+ pie 7.18 
Assuming the flow to be steady and within a 
constant area pipe, this reduces to 
7.19 
In a two-phase system, the specific mass flow 
rate can be written 
C, = o(U P5 +(i-oc)acpf 
7.20 
Combining equations 7.19 and 7.20 results in 
Xý vg d vg + VLo- C1 «F - 
bV, ) JP = Vg ax 7.21 
-u dQ uF c7ýQ l gip) clý 
7.5 Energy equation 
The steady flow energy equation for a horizontal 
adiabatic two-phase system is shown, in appendix E, to 
reduce toa- 
T-u au 7.22 
ae - ß"' 
äe. s at 
7.6 Rate of vaporization equation 
The idealized model from which the rate of 
vaporization equation is derived assumes no temperature 
gradients to exist within the bubble, the bubble 
1-01ý, 
1It 
temperature being the saturation temperature corres- 
ponding to the local fluid pressure. The vapour/water 
interface is also at the saturation temperature, but the 
bulk water temperature is independent of the pre:: ure. 
Therefore a temperature gradient exists within a spheri- 
cal shell of liquid surrounding the bubble, and*it is 
this which denotes a departure from thermodynamic equi- 
librium. 
_ 
The rate of heat transfer from the liquid 
phase across the bubble surface is given by 
CL tUi 6U8ßlE SuRfACE 
and hence the rate of vaporization can be written as 
hý9 c= KA 
(dT 
\drl8s 
where K is the thermal conductivity of the liquid and 
A is the liquid/vapour interface area per pound of 
fluid. 
The radial temperature gradient 
(ckT/dr)as 
depends not only on the temperature difference between 
the phases but also upon the vime which has elapsed 
since the initiation of the flow, i. e. the flow 
7.23 
7.24 
"history". The evaluation of 
(dt/dr) 
also relies upon the 
geometry of a system and hence a simple one-dimensional 
approach will only give a realistic value for the 
temperature gradient at the surface of a large bubble. (56) 
For smaller bubbles it was suggested by Edwards 
that the effect of spherical geometry is to increase the 
13 
beat transfer across the surface by a factor of J3-. 
7.6.1 Evaluation of (dT dr)6S as a 
$3 
Carslaw and Jaeger 
to critical flow 
derived an analytical 
solution for the temperature field within a semi- 
infinite medium, the boundary of which is subject to 
known temperature variations T(t). 
Neglecting spherical geometry effects, the 
above approach is applicable to a vapour bubble in an 
infinite liquid, only if it is assumed that the bubble 
remains in contact with the same particles of fluid. 
With these restrictions, the solution suggested 
by the-results obtained by Carslaw and Jaeger, for the 
temperature field within a liquid surrounding a bubble 
of temperature T5(t) is 
E ja 
TýRT DsTHrtCE y ýw. ýý As _ý _J 
z(ttk)'ý{ E. -x) 4%. 7.25-- 
Unfortunately, in a critical two phase flow, 
'T (t) is not known explicitly. Therefore an exact 
solution of equation 7.25 is not possible. 
An approximate solution may be obtained by 
assuming T= kt (k a constant). This yields 
(cJT} 
-(cLT\ 
2 T-TS 1 7.26 1 dr /as `Ty 1J=o tr K F) 
(55) 
Edwards considered the effects of bubble growth in 
a constant pressure field. By usiýig the results of (81t) 
Plesset and Zwick the expression derived for the 
bubble surface temperature gradient was 
119+ 
ýctT Jr 
6s Of tcF)iz 
7.27 
The assumption that the same'liquid particles 
remain. in contact with the bubble surface will almost 
certainly not occur in practice. Due to bubble growth, 
the existence of a slip velocity ratio and turbulence 
within the flow, the liquid in contact with the bubble is 
continuously changing, leading to an effective heat 
transfer coefficient larger than indicated by equations 
7.26 and 7.27. 
The effect of a relative velocity occurring 
between a bubble and its surrounding liquid, on the 
collapse of vapour bubbles have been noted by Wittke and 
(88) 
Chao . (85) 
Fuckenstein considered the heat transfer 
between a liquid at rest and a bubble of constant radius 
moving through the 'liquid with constant velocity U. 
Using spherical geometry be derived the rate of heat 
transfer across the bubble surface as 
c=h A(T, -Ts) ý° 4'F9 Ly J 7.28 
where h, the effective heat transfer coefficient, is 
given by the expression 
1 (86) 
In a later paper Ruckenstein and Davis 
modified the above theory and obtained a more widely 
7.29 
applicable equation 
t15 
ht (ul'" ý, ý(t , rý 7.30 2.4Z rrºt r) 
Value of the function w(t, r) tabulated in 
(87) . 
reference indicate that for 
rt »io ,w takes on 
the constant value of 3.3, in which case equation 7.30 
reduces to equation 7.29. The effect of the condition 
äk /2r 'l-o is to neglect transient variations at small 
time. 
Bubble velocity was shown to have the maximum 
effect on bubble growth for NJA < 50, wher".: NJA, the 
Jakob number is defined as 
Njk 
=cw 
(TF `r) , 
ýF 7.31 11 Fy 
17 
For a steam/water system at atmospheric pressure, NJA - 
1.6 (T F- TS). Hence for superheats less 
than 30°F 
it is considered that an equation of the form 7.29 must 
be used in the present analysis for two-phase one- 
component critical flow. 
A lack of experimental data prevented 
Ruckenstein from rigorously verifying equation 7.29. 
However it was shown to give values of h of the same 
(85) 
order as measured experimentally by Fritz and Ende 
In his analysis, Ruckenstein makes three 
assumptions which make doubtful the direct application 
of equation 7.29 to a two-phase flow. These assump- 
tions were to neglect the effects of 
(1) bubble growth 
(2) Turbulence 
(3) Presence of other bubbles 
t16 
At the front stagnation point of a bubble moving 
through a liquid, bubble growth will result in increas- 
ing the effective bubble velocity and hence the heat 
transfer coefficient at that point. It may be expected 
that a corresponding decrease in heat transfer coefficient 
will occur at the rear stagnation point. However, the 
increase in thickness of the thermal boundary layer towards 
the rear of the bubble 
( 86)(88) 
will limit this effect. 
It is therefore probable that bubble growth will continu- 
ally move the bubble surface into regions of higher liquid 
temperatures and increase the heat. transfer across the 
bubble surface. 
The effect of turbulence within a fluid flowing 
next to a plane surface is to increase the effective heat 
(11) 
transfer coefficient at the surface , and hence it is 
likely that turbulence within a fluid flowing around a 
bubble will have a similar effect. 
The Ruckenstein theory is valid for independent 
bubbles which, it was suggested, should be separated by a 
distance of at least 1+r. This implies that for equally 
spaced spherical bubbles, the maximum voidage obtainable 
under this restriction is less than 10%. 
A change in the heat transfer coefficient at a 
bubble surface due to the presence of other bubbles may 
only be expected if its temperature field "overlaps" the 
temperature field of a nearby bubble. This effect has 
been indicated experimentally by Calderbank and Moo- 
Young 
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Equation 7.29 can be written for a steam/water mixture 
in the form 
tý ýº =I . 13 
(P, )Y 7.3 2 
(01) 
Collier and Wallis noted that the majörity 
of experimental data for he heat transfer coefficient of 
a single spherical body in an infinite fluid could be 
correlated using the expression 
NsA =2 {'07 Pr3Re} 7.33 
Y 
where the first term on the R. H. S. represents the solution 
for a stagnant fluid. 
(83) 
Grigull recommended the use of the expression 
ý 
t, 0.37 rSe .b7.34 
Experimental. work on bubble dispersions have shown that 
the effect of voidage is to lower the heat transfer 
1, I) 
coefficient at the bubble surface For small spheri- 
cal bubbles it was found that the data approximately 
satisfied 
N. = 0-, äl Prlj'Rc 7.35 
The Prandtl No. (Pr), Reynolds No. (R0) and Peclet No. 
(Pe) are related by 
P=PR 
ere 
For a steam/water mixture the Prandtl number has a value 
of approximately 0.2. Hence equations 7.33 -- 7.35 can 
be written in terms of Pe. A comparison between the 
predictions of the above expressions are shown in Fig. 38. 
As can be seen from the previous discussion, it 
is likely that the heat transfer across a bubble surface 
11 
which is moving within a turbulent bubbly mixture can be 
represented by an equation of the form recommended by the 
Ruckenstein model (equation 7.29 and 7.28). It is 
therefore proposed that the effective heat transfer 
coefficient in a flashing two-phase one-component flow can 
be written in the form 
h= , q" I uFtcr-Iý%x r 7.36 
where q, is a constant possibly determined from experimen- 
tal data. 
The value of rýosuggested bythe Ruckenstein 
2 20 
model for a steam/water system is 0.07 BTU/ft. sec. F. 
Equation 7.28 and 7.36 constitute the rate of 
vaporization equation which is used in the computation 
described in. chapter 8. 
7.6.2 Evaluation of (c(7/dr)RS as applied to velocity of 
pressure wave calculations 
In both the theoretical analysis and experi- 
mental work on the propagation velocity of pressure 
waves in a two-phase one-component media, the fluid is 
assumed to be homogeneous with both phases moving with 
the same velocity. Hence the solution for the tempera- 
ture field about a stationary bubble is applicable. 
Using equation 7.25, given by Carslaw and 
Jaeger, the surface temperature variation is given by 
TS {0= Tr + tT Cos c. ) t 7.37 
Neglecting any transient variations of temperature 
caused by the initiation of the surface temperature 
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disturbance, the solution of the integral (7.25) yields 
AT e yýr 
ý C., ý wE - y%)ýiý 
j 7.3 8 
which implies 
(Jý ctrl (sin wE-Gos tot) 7.39 
1 , S_o - 
\C&YJßs 
2K 
6T, the amplitude of the temperature variation is 
TF - TSM wrere TSM is the saturation temperature corres- 
ponding to the ambient pressure plus the maximum wave 
pressure, and TF is the liquid temperature which, if the 
mixture is assumed to be initially in thermodynamic 
equilibrium, is equal to the saturation temperature 
corresponding to the ambient fluid pressure. 
It is unnecessary to use the continuous expres- 
sion for the temperature gradient (equation 7.39) in the 
analysis of the propagation velocity of sinusoidal waves. 
In view of the approximations already made it is con- 
sidered sufficient to obtain the average temperature 
gradient for a given frequency. This involves inte- 
grating equation-7.39 over one cycle. As the integrand 
is periodic, the solution over an integral number of 
cycles is zero. Hence equations 7.24 and 7.39 indicate 
that any difference between the rate of vaporization and 
(16) 
the rate of condensation in this theory, is due only 
to the variations of bubble surface area. ' 
The mean value of 
(CkT/dr)6S 
over the positive 
half of a cycle is given by 
at aTl _ at ýi rlas 
f 
CA r es 
7.40 
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Hence from equation 7.39 
N'T )` _ zJ'z (TS, -Tf7.41 Tros fK 
Combining this temperature gradient rý_th 
equation 7.24, it can be seen that the rate of vaporiza- 
tion equation can be written in the form 
dx 
_ 
%A TSM - TF 
ar hFY 
where 
rK 
or in terms of the instantancous temperature difference 
between the phases, (T - Ts) 
dx 
_kA. 
(T-TS) 7.1+2 r hP5 
. 
where 
h. ý "/ 1r K TK 7.43 
or h x, 75FYI where q5 is an empirical constant 
to be determined. experimentally, and having a probable 
2 20 
value of 6.2 IlTU/ft. sec. F for a steam/water mixture. 
7.7 Supplementary Equations 
The area of the liquid/vapour interface per unit 
mass of the fluid is given by the equation 
A= 4nr~ NNE 7.44 
Eliminating the bubble radius by using the expression 
x= 4v r'NP9 7.45 J 
yields the result 
fl _ `ß_g 3 
ýN (V3oc) ]Y3 7.116 
The equation relating the voidage, quality and slip 
velocity ratio (equation 5. l) is re-written here for 
3 
convenience 
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(1 - oc) x A- --Dc) -x) Vf 
To enable numerical computation, empirical 
curves were fitted to data obtained from standard steam 
tables giving the saturation temperature and the specific 
volume of the vapour phase as functions of pressure. 
V, 403 
P P' 
_ 
23.7 - V 112 7* 0242 3 
P P' 
T'S 
= 59.3 - 4.59 P* 52.5 
T, n 30.76, jp - 0.866 Pi ]06 8 
P< 12.0 Rsj. 
P> 12.0 P-5: h 7.45 
p< P. O. 147 
P>I 'VI rs. i. 
These empirical equations were differentiated to give 
values of 
(T, 
P) and 
( v5/p) 
(IT 
The accuracy given by the above formulae is 
better than 1% of the tabulated values over the range of 
pressures 4 p. s. i. --100 p. s. i. At atmospheric pressure 
the accuracy is within 0.2%. 
The values of Ts are most important in the 
calculation of the rate of increase of quality. The 
errors incurred by the use of the empirical equations will 
depend on the absolute values of TF - TS 
(equation 7.28) 
and hence will be greatest at the initiation of a flash- 
ing system. For the major part of such a flow it is 
expected that, within the bubbly flow regime, the effect 
of thermodynamic non-equilibrium will be to increase the 
value of (TF - TS) so minimising the error. For example, 
at the exit of a choking flow, assuming the pressure ratio X91) 
to be z, if the exit pressure is atmospheric, the 
value of T- TS at the exit may be of the order of 30°F. 
t?. '. 
In this case the error will be less than 2%. 
The maximum effect of errors in 
(övylýp) 
SnT 
will be evident in the calculation of sonic velocity. 
At atmospheric pressure, the error in the calcula+nd 
value of the compressibility term will be 3%, which will 
lead to errors in the evaluation'of sonic velocity of 
<2%. 
Clearly the accuracy of the values of TS and 
V9 given by equations 7.45 are important in the calcula- 
tion of the critical flow condition and sonic velocity in 
a two-phase one-component mixture. It is possible that 
an alternative method of storing the tabulated values 
of these variables in ä computer would be preferable. 
However such a facility was not available on the computer 
used for the present calculations. 
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8.1 Numerical Computation 
Equations 7.16,7.17,7.21,7.22,7.28 and 7.32 
represent-the flow of a two-phase one-component mixture 
along a pipe, as a set cf simultaneous, first carder, 
differential equations, the numerical solution oi' which 
involved the use of a forward "step by step" integration 
(89) 
technique 
Knowing the fluid properties F0 at the initiation 
of the two-phase flow (Q = o), the axial gradient of each 
fluid property can be determined using the basic equations, 
which can be rearranged to the form; - 
(pol 8.1 
The value of the fluid property at a distance 
dQ downstream of the initial point is therefore given by 
= 8.2 
This process can be repeated using F1 as the "initial" 
value, hence the fluid properties at all points along the 
flow can be computed. 
The accuracy of such a method clearly depends 
on the axial step length d2, and as equation 8.2 re- 
presents the first two terms of a Taylor expansion, the 
errors incurred are of the oyrier 
Several modifications have been made to this 
basic technique to improve the accuracy. The most popular 
of these are probably the Runge-Kutta methods of forward 
r5 
integration which give maximum errors of the order(_) 
However, because of the simplicity of the 
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method and the nature of the expected solution of the 
equations, the basic method was used in the present 
numerical computations. 
In a choking two-phase one-component flow, the 
iiuid properties are expected to change slowly during the 
initial part of the flow and at a near infinite rate to- 
wards the flow exit. For the maximum accuracy to be 
obtained, within an acceptable length of computation time, 
a variable axial step length was introduced, this being 
propcrtion"l to the local pressure gradient. Hence the 
-3 
integration step length commenced at a value of 10 ft. 
-5 
and decreased to a, value of approximately 10 ft. at the 
pipe exit. 
Smaller step lengths were also used, but no 
significant change in the results were obtained. 
8.1.1 Initial conditions 
To enable the present mathematical model to 
simulate flashing in a constant area pipe for a given mass 
flow, an initial pressure was chosen and the initial 
liquid temperature set at the corresponding saturation 
temperature, indicating zero superheat. 
It can be seen from the rate of vaporization 
equation (7.28,7.46) that a finite value of the f]: ow 
quality is required for the initiation of the flashing. 
This initial quality may physically be representative of 
small bubbles of air or vapour which exist within the 
system prior to the position where, experimentally, flash- 
ing is observed to commence (section 7). The effect of 
rzI 
a. ir-bubbles in a flashing flow have been noted by 
(55) 
Henry 
It is possible numerically, to initiate flashing 
from zero quality by considering further terms in the 
Taylor expansion (equation 8.2). However, this method 
offered no significant advantage. 
8.1.2 Exit Conditions 
As previously noted, the step lengths of integra- 
tion used within the computation were dependent on the 
axial pressure gradient. Hence near the choked outlet 
of the pipe, where the pressure gradients are very large 
the integration step lengths were very small. . 
This 
enabled the critical pipe length for a given inlet press- 
ure and specific mass flow rate to be determined accurately. 
The computation was halted when the pressure 
gradient became sufficiently large such that the theoreti- 
cal pressure became negative. This is when the 
mathematical equations are inconsistent with the physical 
system. The computed values of the flow properties 
immediately prior to this condition were assumed to be 
the critical flow properties. 
It was found that the "critical" outlet 
pressure and the exit flow properties XF,, ; Ts and 0 
were particularly dependent on the step length of integra- 
tion as the axial gradients of these properties were 
near infinite at the pipe exit. Although in the 
majority of cases the variation of such a fluid property 
over the last integration step length was < 2%, it has 
l76 
nevertheless been denoted by a "bar" in the figures. 
The other flow properties X and a' , were less 
dependent on sudden pressure changes and varied by < 1% 
over each computation step length near the flow exit. 
8.2 Survey of experimental. techniques used to investigate 
a critical flow 
Experimental investigations into the critical 
flow phenomena within a two-phase one-component mixture, 
have been carried out by many authors(50)(70)0 Unfor- 
tunately the majority of this experimental work dealt with 
high quality flows, possibly not within the bubbly regime, 
and therefore the results are not directly comparable 
to the theory presented in the previouE; chapters. 
However the techniques used to measure the 
flow properties in this experimental work will probably 
also be applicable to choking flow experiments within the 
bubbly regime. Hence a study of these measuring 
techniques will enable the most relevant parameters to 
be chosen from the critical flow theory, with which to 
describe a two-phase critical flow. 
A two-phase steam/water flow can be obtained 
experimentally in two ways. Firstly the liquid phase, 
being near the saturation temperature, can be flashed 
(55) 
or secondly the two-phases can be mixed using a system (93)(49) 
of nozzles In both cases the initial flow 
properties can be determined, in the former by monitor- 
ing the single phase and in the latter case by monitor- 
ing each phase individually before the mixing process. 
The pressure along the main flow pipe is usually 
measured using a series of manometers and the choking 
t2. '1 
condition can be detected by reducing the downstream 
pressure, until a further reduction does not result in a 
change of the pressure profile along the pipe axis. 
(4+9)(70) 
This condition was difficult to obtain in practice 
I-he manometer nearest the pipe exit invariably changing 
(zig) 
with further variations of downstream pressure. Isbin 
suggested that this was due to the non-uniform distribu- 
ticn of the phases, the pressure being transferred up- 
05) 
stream via a liquid annulus. Henry showed that 
another possible cause was the effect of the two-phase 
jet emerging from the pipe exit a 
nozzle to the end of the pipe, to 
of the jet; he obtained "complete" 
If experimental results 
a theoretical analysis, the fluid 
of the flow must be determined. 
nd by attaching a diverging 
restrict the expansion 
choking. 
are to be compared to 
pressure at the exit 
Theoretically, the 
pressure gradient at the exit of a choking flow is 
infinite, hence difficulty was experienced in measuring 
(49) 
this "critical" pressure. Isbin, Moy and Da Cruz 
obtained the critical pressure by extrapolating the 
axial pressure profile, indicated by the manometers, to 
the pipe exit. The accuracy of this method is clearly 
dependent on the distance of the downstream manometer 
from the pipe exit. The same method was used by 
Zaloudek, his manometers being closer to the pipe exit, 
and the results obtained implied exit qualities 500 
higher than those measured by Isbin. Fauske used a 
manometer situated one pipe diameter from the pipe exit 
IZ8 
to determine the critical pressure. 
(91) 
Uchida and Nariai placed a manometer at 
"the end of the pipe such that the centre line of the 
manometer tapping coincided with the exit plane of the 
pipe. An annular flow : ube was used by Faletti and 
Moulton, 
which 
enabled the pressure at the mid-point of 
the exit plane to be measured via the centre core. 
It is probable that the effects of the fluid (55) 
jet at the pipe exit, as described by Henry , Here sig- 
nificant in the last two methods. 
The importance of an accurate measurement-of 
the critical pressure is further emphasised by the method 
generally used to determine the exit flow quality. 
Assuming the fluid to be in thermodynamic 
equilibrium, the exit quality was calculated using the 
energy equation 
Total Energy = hF + xhF9 + 
(VF +8.3 
2S 
Hence knowing the inlet fluid enthalpy, specific flow 
rate and the critical pressure, the exit quality could 
be determined. 
In a flow where thermodynamic equilibrium does 
not exist,, this method of measuring the exit quality can 
no longer be used. If the energy equation is written in 
the form of equation 7.22 it can be seen that if the 
increase in kinetic energy of the fluid can be neglected, 
the change in quality between two points within the flow 
is proportional to the liquid temperature drop. 
1 29 
Therefore, if ýG 
0 and 
T0 are the initial quality and 
liquid temperature of a flashing flow, then at any point 
along the flow, X and T are related by L 
X. _'Xo = Ci(-r _T) 8.11 hFý 
Hence, by measuring the temperature loss of the 
liquid phase in passing along a choked flow, the result- 
ing exit quality can be estimated. (25) 
Such temperature measurements have been made 
with limited' success. However these were not in a 
critical flow and the application of such measurement. s at 
the exit of such a flow may be less satisfactory. 
(55) 
As discussed in chapter 5, Henry estimated 
the exit quality of a choking flow, by introducing an 
empirical relation 
x= cr Nxeq 8.5 
where N'could be calculated throughout the flow directly 
from pressure measurements. The quality is seen to be 
dependent on the slip velocity ratio which was estimated 
at 1.3 for low quality flows, possibly in the bubbly 
regime. 
It can be seen from the above brief survey that 
a limited number of fluid properties can be measured at 
the 'exit of a choking flow. 
The fluid pressure can be determined at a dis- 
tance upstream of the exit and depending on this distance 
this*measured pressure can be assumed to be the critical (50) 
pressure or the approximate critical pressure can 
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be extrapolated 
(49)(70 
Assuming thermodynamic equilibrium to exist, 
the exit quality can be determined directly from the 
knowledge of the critical pressure. The exit voidage 
(25)(55) 
can be determined using i-ray attenuation techniques 
and using the general equation relating quality, voidae 
and slip (equation 5.4), the "equilibrium" slip velocity 
ratio can be determined., 
The deviation of the physical system from a 
flow which is assumed to remain in thermodynamic equi- 
librium, can be denoted by the variable 
8.6 
This is equivalent to the group of variables o-N1 as (55) 
used by Henry . 
If the small kinetic energy terms are neglected 
in the energy equation (7.22), it can be seen that 
T. -T =ß8.7 ýeQ T -T S /_ (7 ) 
which is a variable first-introduced by Silver and 
is known as the "fraction of equilibration". 
It is suggested that the most important para- 
meters with which to describe a choking flow, knowing 
the specific mass flow rate and initial fluid pressure, 
are the exit "equilibrium" quality (x EQ') , the fraction 
of equilibration (ß) , the exit voidage 
(OC, ) and the 
critical length of pipe within which choking occurs(Lc). 
8.3 Theoretical Results 
The equations described in chapter 7 were solved 
using the numerical method outlined in section 8.1 on an 
'-i T 
Elliot 903 computer and the results are shown in Figs. 
39 - 1+2.8. Before these predictions are discussed, the 
effect of parameters, which do not necessarily occur, 
within the physical system, must. be noted. The-. e are the 
integration step length (d&) and the initial quality(Xc) 
The following table shows the maximum change in the 
critical exit flow properties when dA is decreased from 
10-2 to 10- 3 (ft. ) and : Co from 10-5 to 10^6 . 
3 x x ýQ cýc a- 
Lý 
0- dt. -ý 10-3 4% 1% 5% 0.5% 3% 
0-. 5 --" x, --ý 10-6 20% 20% 6% 1 2% 1 1% 
. 
40% 
Understandably, a knowledge of x, is required 
before an accurate prediction can be made of the critical 
flow properties. As previously noted in section 8.11, x, 
may vary considerably in different experimental systems, - 
with the result that when this theory is being applied to 
a particular system (section 8. L) the relevant value of--0 
must be estimated. 
Fig. 39 shows typical axial profiles of flow 
properties along the length of a choking flow. Pressure 
variations are slow initially, increasing quite suddenly 
near the pipe exit. The voidage profile also has this 
(53) 
characteristic, unlike the theory of Linning which 
predicts a sudden increase in voidage within the first 
part of the flow. 
It can be seen that at the choking exit, the 
slip velocity ratio attains a value of approximately 
1.2 which is of the same order as those indicated experi- 
(55) 
mentally in low quality choking flows 
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The axial gradient of the quality at the pipe 
exit, is shown to be finite indicating that the 
mixture is not in thermodynamic equilibrium. 
Due to the initial condition imposed, on th3 
solution (section 8.1.1))that the fluid is initially in 
thermodynamic equilibrium (hence neglecting any effect` 
of surface tension, section 5.3), the fraction of equilib- 
ration /5 has an initial value of unity and then do- 
creases because of the small interphase surface area 
available for vaporization to occur. As this area and 
the time since the initiation of the flow increase the 
fluid tends towards equilibrium (i. e. (3 exhibits a 
minimum) until the "choking" pipe exit is reached where, 
because of the large pressure gradient and the finite 
rate of vaporization, /3 decreases suddenly. 
The variation of /3 with tl, is shown in Fig. 40. 
An increase in the value of results in a smaller 
critical pipe length (Lc), for a 
. 
given mass flow and 
initial pressure, and also a higher maximum value of , 
within . 
the pipe. 
The friction factor and pipe diameter appear 
in the basic equations as the ratio f/D, hence a decrease 
in D or increase in f have equivalent effects on the 
computed results. 
The number of bubbles per unit mass of fluid 
(N) and the parameter Io both directly affect the rate of 
vaporization and hence the critical pipe length. 
Variations of the predicted results with 
changes in the parameters f/D, N and are shown in rig. 41 
1j 
and it can be seen that they'only marginally affect the 
exit flow properties at low pressures, the exit liquid 
velocity being mainly dependent on the exit voidage and 
quality irrespective of the flow "history". This is 
probably because of the relatively small maximum value 
of the slip velocity ratio. The major effect of chai. g- 
ing the parameters f/D, N and , is in the calculation 
of the critical pipe length and fraction of equilibration 
as illustrated in Fig. 41.2. 
Figs. 42 show computed flow properties at the 
exit of a choking stream/water bubbly mixture, calculated 
using the parameters f/D = 0.05 ft; N= 20,000/lb.; 
xo = 10`5'and 0.1 BTU/ft. 
2sec. 2°F. 
The "critical" lengths of pipe (Lc) within 
which a given specific mass flow will choke for given in- 
let pressures (PI) are shown in Fig. 1E2.1. By consider- 
ing the PI = 2Ar, curve, it can be seen that a specific 
mass flow rate of 4,000 lb. /ft. 
2sec.. 
will choke in a pipe 
of length 0.5 ft. In a shorter pipe this flow will not 
be choked as the critical flow rate is greater than 
4,000 lb. /ft. 
2 
sec. and similarly this flow cannot exist 
in a pipe of length greater than 0.5 ft.., as it exceeds 
the critical flow rate. The broken portions of the 
curves (Fig. 42.1) indicate flows in which the exit 
voidage is greater than 50% and the flow regime is 
probably not bubbly. 
" The predicted quality at the exit of a choking 
flow (Fig. 42.2) shows the same variation with specific 
l34 
(55) 
mass. flow rate as the experimental data of Henry 
However, due to departures from thermodynamic equili- 
brium within the mixture, the flow qualities predicted 
by this theory are less than those shown in rig. 2 8. 
Fig. 42.4 indicates that the pressuro ratio is 
independent of flow rate and has a value between 0.35 
and 0.4, varying with pressure, which'compares with experi- 
(91) 
mental results of Uchida and Nariai who measured 
pressure ratios between 0.3 and 0.6 in a critical "mist" 
flow. 
The fraction of equilibration which exists at 
the exit of a choking flow is shown in Fig. 42.5 for 
varying exit "equilibrium" qualities. It was suggested 
r 
by the experimental work of Henry 
(55) 
that these variables 
should' satisfy 
/3 =20ctxE 
Clearly this is not the case in rig. 42.5. 
However, it is possible that-experimentally the maximum 
values of /3 just upstream of the exit were measured, 
hence bringing the predictions of the present model more 
in line with equation 8.8. A full comparison with the (55) 
experimental data of Henry will be made in the 
following section. 
The slip velocity ratios shown in Fig. 1+2.7 
are higher than those predicted in chapter 6 for a 
horizontal air/water system with similar flow rates and 
voidages. This is due to the large pressure gradients 
and. fluid acc'elerations which occur in the latter part 
8.8 
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of a choking flow. As noted in section 6.5, the 
calculated slip velocity ratios do not include the effects 
of two-dimensional voidage and velocity profiles and may 
therefore under-estimate measurements made in an' flow 
which is not completely homogeneous. This will be 
dealt, with more fully in section 8.5. 
The above discussion has indicated the principal 
effects of various flow parameters on a "critical" two- 
phase flow. Whcn. comparing the predictions of this 
theoretical approach to experimental data, the parameters 
LID 
sN and X0 must be estimated for the particular 
experimental system. The correlation will then result 
in an estimate of the parameter i and hence the heat 
transfer coefficient of a bubble surface in a two-phase 
one-component flowing mixture. 
8.4 Application of critical flow model' to ; predict 
experimental results 
Temperature measurements in a flashing hori- 
(25) 
zontal steam/water bubbly flow enabled Herries to 
determine the flow quality and make an estimate of-the 
fraction of equilibration. The number of bubbles per 
pound of fluid was estimated at 500 which is considerably 
less than noted in the present experimental work (Fig. 
14.1), and is probably due to bubbles coalescing 
shortly after nucleation. The other flow parameters in 
these experiments were D=0.531", f=0.0053; PT =1 AT, 
and specific mass flow rates of 260 - 370 lb. /ft. 
2Sec. 
Difficulty was experienced in determining the exact 
position where the flashing commenced and therefore in 
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describing this flow theoretically the initial quality (x0) 
was set at an average value of 10-5. Best agreement 
between the experimental results and theoretical pre- 
dictions using the present model was obtained with the 
parameter rjo = 0.2 BTU/ft. 
2sec. 10F (Fig. 43). The 
largest deviations between the two sets of results occurred 
at the higher mass flow rates where it was noted during 
the experiment that the flow regime deviated from bubbly, 
-which would probably account for the larger values of ,3 
and the lower measured values of the liquid temperature. 
(93. ) 
Fauske a. nvestigated two-phase steam/water 
choking flow in short cylindrical nozzles, the flashing 
occurring as the fluid passed from a reservoir into the 
nozzle. The results were successfully predicted by 
(56) 
Edwards who considered various regimes of bubble 
growth within the vena-contracta which existed at the 
nozzle entrance. It is proposed that the present critical 
flow model can predict the results of Fauske by assuming 
the flashing to occur in a constant area duct and apply- 
ing a large initial superheat to the flow. 
If the liquid within the reservoir is saturated 
and at a pressure PP and temperature TR, the pressure at 
the nozzle entrance PI is given by the equation 
PI =PR -G/zPF 
where G is the specific mass flow rate through the nozzle. 
As soon as nucleation occurs it is assumed that due to the 
very fast growth rate of the bubbles up to a critical 
(8L) 
radius the bubbles immediately attain the saturation 
temperature corresponding to the local fluid pressure PI. 
1 T1 
Therefore the initial superheat is given by 
AT = TR --T5]P=PI 
The experimental results, together with the 
predictions of Edwards, -re shown in Fig. 44. An extra- 
polated curve corresponding to a reservoir pressure of 
100 p. s. i. has been compared to the results of the 
present critical flow theory. 
( Flaw_ parameters f=0.01 ; 
D=0.0208 ft.; N= 105/lb.; X° = 10-5 and qo 
10 
= 0.2 - 0.3 , BTU/ft. 
2sec. 2F) Agreement is not good 
for very, small pipe lengths where it is likely that the 
effect of the vena-contracta dominates in the physical 
system. 
Choking flows in low quality steam/water mix- 
(55) 
tures were investigated by Henry Water of known 
initial enthalpy was flashed in cylindrical pipes at a 
mass flow rate such that choking occurred at the pipe exit. 
The axial pressure profiles were measured, which enabled 
the approximate deviation of the mixture from thermo- 
dynamic equilibrium to be determined (section 8.2). 
Although the pipe, lengths were of the order of 30", the 
liquid did not attain the saturation condition until the 
flow approached the pipe exit and hence the present 
'theory can only be applied to the latter part of these 
flows. Bubbles were observed along the total pipe 
length, which were assumed to be due to the pressure of 
undissolved gas within the water phase and therefore an 
initial 
, 
quality (x0) of 10-I} was used in the present 
computations to describe this flow. 
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' The theoretical pressure profiles agree well with 
the mo-asured pressures (Fig. 45). However a discrepancy 
arises between the physical pipe exit and computed exit, 
which is probably due to the two-dimensional effects that 
occur , near 
the pipe exit preventing the flow from choking 
in the way predicted by the theory. To eliminate these 
(55) 
effects a diverging nozzle was placed at the pipe exit 
the pressure measurements and theoretical predictions 
being" shown in Fig. 45.3. The addition of the noLzle 
appears to initiate choking at a higher exit pressure)as 
it is noticeable that in this series of experiments the 
critical pressure ratio has a value of > 0.9, whereas 
(91) 
other, authors have noted a value of approximately 0.5 
The computed flow properties at the physical 
pipe exit are compared to the measured values (Figs. 45) 
and it can be seen that the predicted fraction of equi- 
libration is lower than the 1) measured value of NI 
(equation 5.12.1). The two variables /I and Ni differ by 
a factor of O', the slip velocity ratio, and this was 
estimated at 1.3 for the majority of-the experimental 
runs., The flow parameters used in the above computa- 
11 tions were f=0.01; D=0.313; N= 106/lb. and 
2 70 = 0.25 BT(1/ft. sec. 2°F. 
From the above comparison with experimental 
data It can be seen that the present critical flow model 
may be used to give an estimate of the flow properties 
occurring in the choking flow of a steam/water bubbly 
mixture and it is likely that the parameter controlling 
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the rate of vaporization (n, ) has a value of approxinia- 
tely 0.2 - 0.3 BTU/ft. 
2see. 2°F. 
8.5 Two-dimensional effects in two-phase critical flow 
The cross section velocity profile of :a 
saturated turbulent liquid flowing along a pipe is. known 
(71) 
to approximately satisfy a 1/7 power law When 
(64)(65) 
nucleation occurs it has been observed that the 
bubbles which are formed, move towards the centre of the 
tube (chapter 6). This results in a less dense medium 
flowing within the centre of the tube, hence exaggerating 
the velocity profile and causing the rate of vaporization 
tobe greater in the centre of the flow than at the pipe 
wall. Under these conditions the flow will quickly 
tend to an annular flow pattern. 
A complete study of these effects would demand 
an accurate knowledge of bubble migration, shear stresses 
in a two-phase medium and a1) complex numerical computation. 
However an indication can be gained by considering the 
following bubbly/annular flow model. 
8.5.1 Bubbly/annular critical flow model 
Consider an annulus of water within which no 
nucleation occurs, surrounding a bubbly two-phase corgi. 
The equations describing the motion of the core are very 
similar to those derived in chapter. 7, except for two 
major modifications. 
The continuity equation for a variable area 
flow tube is 
d(( A) =o 8.8 de 
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using equation 7.20 to define G, this reduces to 
t LA VV9+crvf) +: c UI a. u2 - x(cqUý c1P i cý'`gyp 
(tc -Vg 0 
e üý äý \ýp ýe üF Je ct 
and where X is the thickness ofthe 
liquid annulus. 
8.9 
The effect of wall friction is also replaced in 
the momentum equation for the liquid phase (equation 
7.16) by a force based on shtar stress considerat'ons. 
In section 7.12 it was shown that the term, 
4j LL + m'« 8.10 
represents the effect of the two-phase frictional pressure 
drop in the momentum equation for the liquid phase of a 
bubbly flow within a pipe, and therefore in this present 
model 
i-F u- 2D 1-dT 8.11 
is the force acting on a unit mass of the fluid ( oC. r being 
the total voidage including both annulus and core). 
The shear stress at the pipe wall is given by 
i=f orce/untt mays 
rr. t0 8.1 2 
where k0 is the length of tube containing a unit mass of 
fluid. 
Hence, eliminating (o and using the expression 
8.11 yields 
. 
ýýWALL a` f 
u0 (a i K1 T1 ý1yý`LOT/ 
8. ý3 
2D 1'ýcTl 
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Asstuning the shear stress to be linear throughout the 
thickness of the annulus, then 
toPe%nnuýuS IrrsýF.? FAtc 
ýýý ý) 
fJ 
Y1AU. 8.14 
f 
and the core/annulus interfacial force acting on a unit 
mass of the core can be seen to equaD- 
2 Uo C1 ý-aT) (1, " rrij 
8.15 
Cky 
This replaces the expression 8.10 in the 
momentum equation for the liquid phase within the core 
(equation 7.16). 
The force per unit'mass acting on the liquid 
annulus is derived from equations 8.12,8.13 and 8.14 
and assuming the annulus thickness to be small, it is 
found to be 
1-a, I 8.16 
The equations describing the motion of the liquid annulus 
are therefore- 
U dUg = -. L L_ 2ý Uo 
(1 - ar) (1 + Tn'oc r_) de pr, de i- «T 
(L(, \ UA) =0 e (contintLity 8.18 
The relation between the local voidage within 
the bubbly core (o<') and the total voidage across a pipe 
section (o /T) , 
is 
oC T= o< tD 
(momentuir )8 .17 
8.19 
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The solutions of the modified sets of equations 
are obtained by the method outlined in section 8.1. Two 
further initial conditions are required for this computa- 
tion, these being the initial annulus thickness and the 
condition that U. = UA at the initiation of the flashing. 
Results computed using the bubbly/annular 
flow model are shown in Fig. 46. Axial profiles of 
voidage, slip velocity ratio and liquid velocity are simi- 
lar to those predicted by the homogeneous critical flow 
model (Fig. 39). A decrease in thickness of the liquid 
annulus occurs near the pipe exit due to the increased 
velocity of the liquid. However the acceleration of 
the bubbly core is sufficient to increase the ratio 
UE/UA (Fig. 46.1). 
From Figs. 46.2 and 46.3 it can be seen that 
the presence of a liquid anpulus in a two-phase choking 
flow results in a larger critical pipe length and a de- 
crease in exit voidage for fixed initial flow rate and 
fluid pressure. 
If it is assumed that in a homogeneous flow, 
ýý= 0ý, the choking liquid velocity is the sonic velocity 
corresponding to the exit voidage (section 9.1), Fig. 
46.3 indicates that, if the phases are distributed in a 
bubbly/annular flow pattern, the bubbly core will attain 
supersonic speeds at the pipe exit. This is due to 
the decrease in thickness of the surrounding liquid 
annulus so causing the bubbly core to flow through an 
apparent diverging nozzle. 
14J 
The measured value of the slip velocity ratio 
at the exit of a choking flow will depend on the bubble 
distribution (section 6.5). In the bubbly/annular 
model described above, th-! measured (or "apparent") slip 
velocity ratio will be given by r 
1 
Cr. 4X 
t (üc)ý 1 c< + 4D ac 
where the subscript c refers to the flow properties 
within the bubbly core. 
Using the exit conditions as shown in Fig. 
45.1 with cC, = 40 , then the evaluation of equation 
8.20 yields 
arA, P 1.4 ore 
J. 
which indicates that measured slip velocity ratios may 
8.20 
be significantly higher than those predicted by the homo- 
geneous critical flow model due to a non-uniform distri- 
bution of bubbles across the pipe section. 
It-is concluded from this section that non- 
homogeneity of the phases in a bubbly two-phase flow 
(66)(67) 
could be a significant factor when relating the 
choking flow phenomenon to the propagation of pressure 
waves in a medium. As well as possibly giving rise to 
supersonic bubbly flows within the centre of the flow 
tube, it is also likely to increase the critical pipe 
length, for fixed initial flow conditions, and the apparent 
slip velocity ratio. S 
8.6 "Supersonic" critical two-phase flow 
The critical flows so far discussed have been 
ýT-lq 
basically subsonic, the fluid reaching the Mach 1 con- 
dition at the pipe exit. (This is the case for a 
single phase medium but has yet to be completely verified 
for a* two-phase medium. 
This type of flow, in which changes in flow 
properties are caused by the pipe friction, is known as 
(96). 
Fanno flow , and the fluid properties 
follow the 
upper part of the Fanno line as shown in rig. 47.1 until 
the position of maximum entropy is attained where the 
flow is at Mach 1 and "choking" theoretically occurs. 
For a single phase medium it is possible that, 
if the main flow pipe is fed by a converging diverging 
nozzle, the fluid velocity at the entrance of the pipe (33) 
will be supersonic . In this case the pipe friction 
will cause the pressure to increase and the velocity to 
decrease, the fluid properties following the lower part 
of the Fanno_line. Again the position of maximum 
entropy will be attained and the fluid velocity will be 
reduced to Mach 1 at the pipe exit. 
- Depending on the length of the pipe, 
it is 
possible that a shock wave will occur within the pipe. 
The flow properties moving from a point on the lower part 
of the ranno line to a point on the upper part. These 
points are determined by the intersection of the Fanno 
(33 ) 
line with the Rayleigh line The flow may then 
choke as. a subsonic flow. 
This phenomena was investigated using a 
simplified model for two-phase flow which assumed no slip 
velocity to occur between the phases and a constant value 
1T_ 
for the heat transfer coefficient. The initial conditions 
(section 8.1.1) were modified, applying an initial 
quality and specific mass flow such that the initial fluid 
velocity was supersonic with respect to the no-maws 
transfer sonic velocity. 
The numerical method used to compute the solution 
of the critical flow equations (section 8.1) would not 
permit the investigation of the type of flow in which 
discontinuities of the flow properties occurred. 
Analysis of such flows require a more detailed examination 
(97 ý 
of shock waves in two-phase media 
Computed axial pressure profiles are shown in 
Fig. 4+7.2, for various values of heat transfer coefficient 
(h) and it can be seen that for h above a certain value, 
the flow no longer chokes. This is caused by the 
contrary effects of friction 'and condensation on the 
flow, which can be elucidated using the following elemen- 
tary analysis. 
For a homogeneous two-phase flow, the momentum 
equation-may be written (section 7.2). 
LJLcILL _V dP _ 4F 
0r1+ m'ac 
c! C dQ . S. D \1 -a) 
and the continuity equation; G= constant; becomes 
vä ý ucll/ E 
(IX CIP where tä5( = 
(x JJg +(1-%) a/e +(Vv-Vf) P 
Combining the above equations and using the 
approximations (Ufl.. )zO; V, 
_>7 
VF and that the sonic 
velocity in the medium o 'results in the `_-x\11 
114C- 
following expression for the axial velocity gradient 
du 
_- 
K1ýt -Ki 
where K1 and K2 are numwrically positive parameters, 
defined by 
Kl U, Vyg_ 4F UUä(1+mbc1 
xNO 3. D ` 1'`ßt ) NO 
For a supersonic flow, U >C and equation 8.21 
shows that the effect of pipe friction (K1 = 0) is to 
decrease the fluid velocity and hence increase the 
fluid pressure, and the effect of condensation 
( Kz =0; 
dx/dq positive) is to increase the velocity and de- 
crease the pressure. 
8.21 
Which of these two effects dominate will de- 
pend on the relative magnitudes of the terms "fix d 
and K2 which will, in turn, 'rely on the particular 
characteristics of the experimental system. However 
previous estimates of the heat transfer coefficient 
(section 3.6 and 8.4) suggest that the rate of mass 
transfer will generally be sufficient to make 
jj, ý, äfl > 
Iýz3with the result that a "supersonic" one-component 
flow will not choke in a cylindrical nozzle. 
In a two-component system , 
CQ 
=p, pipe 
friction will cause the flow to choke in a similar way to 
a single phase medium, and the computations have shown 
that the fluid velocity reaches Mach 1 at the choking 
exit. 
*I -'º7 
°J, CONCLUSIONS 
_. 
1 
9.1 Relevance of sonic velocity to critical flow 
In a single phase medium, choking flow occurs 
when the fluid attains the Mach 1 condition. It may, 
therefore, be assumed that a similar relation exists 
between these two phenomena in a two-phase mixture. 
Howc""er, if the phases are of different densities, it is 
unlikely that they will move at the same velocity, in 
which case the velocity of the medium cannot have a 
unique value. 
The slip velocity ratio is particularly 
dependant on flow regime and is expected to have a maxi- 
-(50)(51 ) 
mum value when the phases are separated (i. e. 
when the flow is in the "annular" or "stratified" 
regimes). Moody 
(52) 
indicates that the velocity of a 
pressure pulse in a separated two-phase flow lies between 
the sonic velocities in each phase. This Is enforced 
by the results of the bubbly/annular flow analysis 
(section 8.5) which suggests that the bubbly core of the 
flow is supersonic at choking whereas the liquid annulus 
is subsonic. It must therefore be concluded that if 
the phases are separated and the slip velocity is signifi- 
cant in a choking two-phase flow then no direct analogy 
with the sonic velocity in the media is possible. 
Experimental work in air/water bubbly mixtures 
(72) 
have suggested that in two-phase flows where the slip 
velocity is small, it is possible to establish a relation- 
ship between the sonic velocity and choking, similar 
to that known to exist in a single phase medium. 
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However, in steam/water "bubbly" and "dispersed" mixtures 
experimental mcasurcments of critical flow rates indicate 
fluid velocities between the no-mass transfer (or frozen 
homogeneous) and thermodynamic equilibrium sonic 
velocities in the medium. As in these two flow -^üimes 
(2-5 )(99 ) 
the slip velocity ratio is near to unity it is 
likely that the rate of mass transfer between the phases 
at the choked exit of a flow is a major factor in 
governing the critical fluid velocity. 
To be more precise, the choking of a fluid occurs 
when the fluid velocity equals the propagation velocity 
of a rarefaction wave through the medium. It is, as yet, 
uncertain whether the relevant velocity is that of the 
"foot" or "bulk" of the wave as these are markedly 
different (section 3.4). The non-equilibrium theory 
described in this thesis predicts the existence of a large 
superheat at the exit of a choking flow. Also a non- 
zero rate of vaporization is predicted, this being less 
than indicated by equilibrium models and determined by 
the maximum rate at which heat can be conducted fror 
the liquid phase to the bubble surface. As it is un- 
likely that this maximum rate of vaporization is signifi- 
cantly influenced by the presence of a rarefaction wave, 
it is probable that the thermodynamic state of the fluid 
prior to the propagation of the rarefaction is important 
in determining the wave velocity. This has been 
demonstrated in the present experimental work (Fig. 21) 
and although exact measurements were not possible, it 
appears that the wave velocity is given by equations 1.13 and 1.16 
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pith dx/Jp >o . This was also recently suggested by (3 ) 
Baum and Horn who computed curves for the velocity 
of a small rarefaction and corresponding critical flow 
rates for various values of dx 
fd. p 
The actual value of the rate of change of flow 
quality with pressure at the outlet of a choking two- 
phase flow will depend directly on the rate of vaporiza- 
tion and pressure gradient 
dp cl P/CtQ) 
The value of dx/de for a conduction controlled 
flow (equation' 1-28) depends on physical properties of the 
flow, such as phase distribution slip velocity ratio and 
effective heat transfer coefficient at the interphase 
surface, and has been shown to attain a finite value at 
the outlet of a non equilibrium choking flow (fig. 39). 
The pressure gradient at this point is theoretically 
infinite, although difficulty has been experienced in 
obtaining this condition in experiment. Hence the rate 
of change of quality with pressure, at the exit, is 
likely to approach` zero providing cix/dQ does not become 
infirite, which would be the case were the fluid in 
thermodynamic equilibrium. 
It is therefore concluded that if a correlation 
is to be made between the critical fluid velocity and 
sonic velocity in a two-phase mixture which deviates from 
r_' thermodynamic equilibrium, the relevant sonic velocity is 
that corresponding to no-mass transfer within the mixture. 
- If the no-mass transfer sonic velocity in a 
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homogenous (no slip velocity) bubbly steam/water mixture 
is denoted by CST, then the critical flow rate may . be 
given by 
GOUT cr_ 
xdy 4VF 
(16) 
Using the values of CST as calculated by 
Davis the above expression is plotted in rig. 48. 
Critical flow velocities computed using the model described 
in chapter 7 for a flow inlet pressure of 2.5 AT. (From Fig. 
42.4, this results in a fluid pressure of 1AT. at the flcw 
outlet) are also shown. The discrepancy between these 
two sets of results is probably due to the value of slip 
velocity ratio which is predicted to exist at the exit 
of a critical bubbly flow. 
It has been suggested that the sonic velocity 
(3) 
depends only on the area concentration of the phases 
(i. e. the voidage) and therefore the effect of slip 
velocity is to increase the quality for a fixed voidage. 
A slip velocity of 1.2, which represents a mean value 
in this series of computations (Fig. 42.7) effectively 
shifts the Cf =1-0, curve (Fig. 4 8) to the right, giving 
approximate agreement with the critical flow results. 
The rate of change of-slip velocity ratio with 
pressure, at the outlet of a choking flow may also (3) 
influence the critical flow rate . However, due to 
the small values of aor/dI and large ape , predicted 
to occur using the present model, this effect was not 
found significant. 
It is concluded that for a known mass flow rate 
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of fluid, the outlet conditions of a homogeneous bubbly 
one-component critical flow are predictable from sonic 
velocity considerations, providing the relative velocity 
between the p!. ases is small. 
. 
When the slip velocity 
ratio is significant, particularly in non-homogeneous 
flows, or when the specific mass flow rate is one of the 
parameters to be determined theoretically, the exit 
conditions can only be predicted knowing the "history"' 
of the flow which involves knowledge of the rates of 
vaporization, nucleation phenomena and phase distribution. 
9.2 Conclusions and suggestions for further work 
The velocity of small amplitude pressure waves 
in air/water and steam/water bubbly mixtures have been 
investigated theoretically and experimentally. Both 
mixtures wore found to act as dispersive media with the 
velocity of sinusoidal pressure waves varying with wave 
frequency. In the air/water system this was attributed 
to the variation of polytropic index of the as phase, 
although the theoretical analysis only revealed the two 
limiting wave velocities, the "isothermal" and "adiabatic" 
11 
sonic velocities, and a more detailed study is required 
to define the range of frequencies over which the trans- 
ition between these two velocities occur. The experi- 
mental verification of the hypothesis was not conclusive 
particularly at the higher voidage flows where non- 
homogeneities within the mixture led to high measured 
wave velocities. In view of this, for further work on 
the velocity of sinusoidal waves in air/water mixtures 
it is recommended that a system is developed to produce 
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a spacially homogeneous bubbly mixture which is free from 
time variations of voidage. The velocity of the leading 
part of an impulse or "thin" triangular wave was found 
to be consistently hi. ghc, r than the velocity of u low 
frequency wave, indicating that the velocity cor., esponded 
to the adiabatic sonic velocity in the medium. 
The measured variation of wave velocity with 
frequency in a steam/water bubbly mixture showed reason- 
able agreement with the predictions of a theoreticz: l 
analysis based on conduction controlled mass transfer 
between the phases and indicated a value of 0.5 BTU/ft. 
2 
0 
sec. F. for the heat transfer coefficient of a bubble 
surface within a mixture where very little relative 
velocity existed between the phases. 
The velocity of the leading point of compression 
and rarefaction waves was shown to be approximately the 
no-mass transfer sonic velocity hence behaving in a way 
similar to the step waves investigated by previous authors. 
A theoretical analysis which took into account mass 
transfer effects within small amplitude waves, predicted 
the volocities of the mid-point'of a step wavefront 
and the "peak" of a triangular "wavo and gave fair 
agreement with experimental measurements of the velocity 
of rare£ae. tion waves, with h having a value of 
2o 
0.5 - 1.0 BTU/ft. sec. F. 
The fact that the velocities of stop and impulse 
waves were predicted to change continuously, as the wave 
progressed along the flow, emphasizes the advantage of 
using a number of pressure transducers in an. experimental 
i: )} 
system to investigate this pbonorn non more fully. This 
would also enable a more detailed study of the varying 
shape of the waves and possibly reveal different rates 
Pf condensation and vaporization as suf; gested by previous 
( 5)(16) 
authors No 3v1dence of this could be gained 
in the present system. 
It is recommended that future experimental. 
investigations into the velocity of sound in a flashing 
system should give particular attention to the wave 
attenuation and stability of the system. The attenuation 
of the waves in a steam/water mixture was found to be 
considerably larger than indicated by the preliminary 
experiments in air/water mixtures, with the result that, 
to overcome the attenuation, waves had to be generated 
which could-no longer be considered infinitesimal and 
led to significant wave distortion. As previously rioted, 
difficulty was experienced in maintaining steady flow con- 
ditions within the present system and it is suggested 
that future systems should include an electric water 
heater to enable finer control of the liquid temperature, 
and also be isolated from external influences, as the 
cold water inlet in the present system (section 3.1) 
proved to be a source of instability. Unfortunately 
the stability of a flashing system depends to a great 
extent on nucleation phenomena which cannot be predicted. 
However, it is likely that a theoretical analysis into 
the stability of a "flashing" loop may indicate the 
principal flow parameters to be controlled. 
A definite weakness in the steam/water 
15)4 
experiments (chapter 3) was the measurement of flow 
voidage, as, due to the very low voidages used, conven-. 
tional methods proved unsuccessful. Although later 
holography techniques mv. y enable a more accurate estimate 
of voidage than the photographic method used, ideally a 
system which gives an instantaneous measure of low 
voidages in a steam/water mixture should be developed. 
The advantage of work at higher voidages 
< 50%) is that the sonic velocity becomes less sensitive 
to voidage variations and also that these voidages may 
be estimated using standard techniques such as 
ö -ray 
attenuation. To maintain a homogeneous bubble distribu- 
tion in a high voidage flashing system would require large 
specific mass flow rates, unless a vertical flow is 
used, in which case the mixture is unlikely to be in 
thermodynamic equilibrium. However, the velocity of 
pressure waves in condensing or evaporating flows is 
worth investigating further. The major drawback in 
working with high voidage flows is the large wave attenua- 
tions which exist, making the propagation of small ampli- 
tude waves unfeasible. 
A repeat of the present experimental programme 
at higher fluid pressures should result in a larger 
difference between the "equilibrium" and "no mass trans- 
fer" sonic velocities and because of the smaller values 
of dTs/dp the transition between these'two limiting 
velocities should occur at a lower frequency range. 
In such experiments, a mechanical system for generating 
ým 
the wave is suggested because of the large displacement 
amplitudes that will be required. 
Theoretically, the principle of conduction 
controlled rates of vaporization was applied to i. ne 
critical flow of a one-component bubbly mixture. The 
effects of the most important parameters, slip velocity 
ratio, nucleation and rate of vaporization were noted. 
A model, based on the balance of forces acting 
on an individual bubble, predicted values of the slip 
velocity ratio in an air/water system significantly lover 
than those measured in experiment and this was attributed 
to the effect of radial bubble distributions within the 
flow. The slip velocity measured in experiment was 
shown to depend on a "local" slip velocity (approximately 
1.05 in horizontal flows and 1.1 in vertical) and a bubble 
distributional parameter of 0.9, which was compared to 
the Bankoff parameter of 0.89 and that of Zuber, 0.83. 
It was considered that slip velocity ratios in a critical 
two-phase one-component flow of the order predicted by (50)(52) 
previous authors were unrealistic in the bubbly 
regime, and that deviations between experimental results 
and the predictions of the H. E. model within this flow 
regime are due principally to departures from thermo- 
dynamic equilibrium öf the mixture. 
The importance of the number of nuclei present 
per unit mass of liquid was noted and it was suggested 
that an approximate estimate can be gained using photo- 
graphic methods. However, this is not possible in many 
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systems, particularly when large diameter flow tubes are 
used, and a further investigation into nucleation 
phenomena is in progress at this university. 
The definition of the "initiation" of flashing 
and the initial value of quality (x0) is stressed and in 
order for the theoretical approach to be applied 
successfully to a given experimental system, the flow 
properties at this point must be known. 
The critical properties at the exit of a choking 
bubbly flow were practically independent of the above 
parameters and governed principally by the specific mass 
flow rate. This is due to the small values of slip 
velocity ratio (-c--1-3) which exist at the outlet, this 
being the only parameter which is determined by the flow 
"history". - The critical fluid. velocity was shown to 
compare very closely to the no-mass transfer sonic 
velocity in the medium. 
In determining the critical mass flow rate which 
chokes in a pipe of given length with fixed inlet con- 
ditions, the rate of vaporization is clearly important, 
this depending on N, the slip velocity ratio and the 
parameter i which was found, by correlation with experi- 
mental data, to have a value between 0.2 - 0.3 BTU/ft. 
2 
sec. 2°F in a steam/water mixture. 
The effective heat transfer coefficient of the 
bubble surface was influenced by the bubble diameter, 
and the slip velocity ratio and was found to be 
significantly higher than in a flow where the phases move 
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with the same velocity. Clearly the heat transfer 
coefficients suggested by the velocity of pressure wave 
measurements and the critical flow experiments cannot be 
compared unless the variation with slip velocity is 
accounted for. 
Throughout this thesis, references have 
repeatedly been made of non-homogeneities within the 
mixture anci it is evident that the assumption of a homo- 
geneous distribution of equal sized bubbles is inapplic- 
able to many practical systems. Because of this, the 
analysis of a bubbly/annular flow model is of particular 
interest and, together with other flow patterns suggested 
by voidage profile measurements (section 6.5), merits 
further investigation. The model described in section 
8.5 indicates that at the exit of a choking flow, the 
accumulation of bubbles towards the centre of the tube -- 
results in the fluid attaining supersonic velocities. 
Hence, a one-dimensional treatment of the phenomena is 
inappropriate at the exit of a choking two-phase flow, 
particularly as experimentally, two-dimensional effects 
have been shown to be dominant at this point. A 
theoretical and experimental investigation into the forma- 
tion of a flashing two-phase jet, at present in progress 
at this establishment', may enable critical flow analyses 
to be less dependant on measurements at the pipe exit, 
which are generally unsatisfactory (section 8.2). 
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APPENDIX A 
Propagation Velocity of infinitesimal sinusoidal pressure 
waves through a two-phase one component mixture 
The one-dimens4ona. l unsteady equations describ- 
ing a two-phase flow, derived in chapter 7, can be 
written, on assuming no slip velocity to exist between 
the phases, as: - 
ctý 444 Uö ft+ m6) 1 at J'cý iD 1-4 
aP_ +Q L- -0 
clt 
7n 2 
h`g `I =- C" `t - är 3 
clx hA(T -T) 4 
ar t; F9 
where p is the average density of the media 
(1 - -) PF f p9 5 
The relation between cX and X in the absence 
of slip velocity is 
oG :ý16 
1. +(ice 
x YF 
The total derivatives denote the Eulerian 
specification of the flow properties. 
If the fluid is at rest except for the motion 
caused by the wave, this total derivative reduces to a 
partial derivative unsteady term 
at 55ý 
7 
For the solution of the equations a linearized perturbation 
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technique was used. 
Assuming a perturbation of the form 
a. F(a, Q) -. ý' e 
Lut 8 
there F is a general flow property, and 
(i) F(o, Q) represents the steady solution of that 
flow property. 
(ii) AP is the magnitude of the perturbation at 
t=0, Q=0. 
As the fluid is at rest, the steady solution is 
a constant-and its derivative zero. Hence, applying 7 
and 8 to equations 1--- 6 and neglecting second order 
perturbations, the following equations are obtained 
IL)AL= -kttW 9 Q 
iwLp+? k&U=0 10 
hýpx"ý-c 11 
i(i dx ýF AaT-Lj)+ flRýý-Ts)] 12 
pp L\x(P9'PF; +agyp, 13 
a °` " (xv9 
+ 
vF)ý ` 
vS tx t xkTýglflP 14 
The equation defining A (section 1.7 ) yields: - 
ýA 23 C az + (ýhý J 15 9 
For small perturbations 
(1Ts 'ý 
()CTS)LP 16 
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Equations 9- 16 represent a set of simultaneous equa- 
tions which can be solved to give the following expression 
for k: - 
x +VF 
-TAt' 17 ý- 11 i n+m 
where nw+ hfl 18 
hFl 3x zý, 
k is a complex variable and hence can be written 
ft = Fý. l ý 
ýý1 
Separating equation 17 into real and imaginary parts, two 
equations are obtained. 
ýja % 
ýz m+n 
where X= xV3 +VF 
_ 
VS (p 
- qtr-TVp 1 
19 
20- 
21 
22 
represents the propagation velocity of 'the wave, and ký 
the attenuation constant. 
Hence the solution of equation 19 and 20 yields 
n U6 
2^1 
ýxICýIt 
rýýýý 
{t 
ýý 
s`"e R. +n 
C 
ýx. `Sýý 4 n7, mqi 23 
ýý 
CII+ 
in +(Y, 
X 
`x 2ýý; Z ý"ri +n'ý ý rr cý 2 ý{ 
01 
At infinite frequency i. e. til - co 
U vý, +vf , 
which is the no-mass transfer sonic velocity. 
As W . -. - o; assuming the t laid to 
be initially in equi- 
librium (i. e. T-Ts = o). 
25 
xV. +VF 26 
Fg J 
which represents the velocity of a wave in which thermo- 
dynamic equilibrium always exists. 
It must be noted that in this analysis, it was 
assumed that the sinusoidal change in quality and 
pressure have the same frequency. and are in phase. In 
fact this only occurs when the fluid remains very near 
to a state of thermodynamic equilibrium. When the mass 
transferred between the phases, -is heat conduction con- 
trolled and small in magnitude such that the liquid 
temperature can*be considered constant, the quality 
variations will be 900 out of phase with the pressure 
variations. Also due to the non-linear nature of the 
rate of vaporization the quality variation will probably 
deviate significantly from a sinusoidal form. In view 
of this, the present analysis cannot be expected to fully 
represent the physical system. 
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APPENDIX D 
Propagation Velocity of infinitesimal. "thin" triangular 
and step pressure waves through a two-phase one-component 
mixture 
Using equation'; 1-6 from appendix A and making 
the same assumption of no overall flow of the fluid. 
Apply a perturbation of the form :; _ 
= F=(Qo) + . 
W, 
,O 
27 
F being a general flow property. 
Equations 1-4 reduce to the linearised equations. 
u ý. _ 
Id 28 -ýlF P 
29 
hý9 .- cw 
'6 tý7'r 30 7TF 
cý Ax VN 
Vj (QT- tcr5 + DA (T Tsýý 31 
ýr h, 3 
This together with equations 13 - 16 represent 
the system to be solved. 
Lu, Lx, L T9 NA and LTs can-be eliminated 
from the above set of equations to yield a third order 
partial differential equation, i. e. 
32 
atz icy arg ýý2 at 
wýiere Q , rrý J)M, I - 
V, ) VIRm p0 ýý9 
33 
x. hF LA ;y= 11 1- }'31 h( 
I 
vP$ a 
i tl yj 
m, and q being defined by' equations 18,21,22 of 
appendix A. 
Applying the Laplace Transform, with respect 
to time, to equation 32, gives: - 
Q (Si ýý 
-- S 
LPI=. ao 
-a -{- lý 
ýr 
I, 
=,, 
) 
3 ý 
Zläropd a1ý¢ är t: _fl t_o aei ýý` ý. o 
Boundary Conditions 
Initially, at t=o, a perfectly generated step 
pressure wave can be represented by a Hieavyside function. 
34 
ie. L1p]t=o -1 -- Il (t) 35(i) 
A triangular pressure wave of unit height and "thickness"2ae, 
can be represented by a series of linear equations. 
1e. AP7R4(Q)]tco p -w <Q< -2at 
af 
h(0, Q) -ctt < t< o 
ap 0 <ý<+ý 
Both of the functions 35(i) and 35(ii) are constant at 
t=o, for t >o 
Hence üj Q ý? 1 1p 
Also at a given > o, the value of 
Lp is constant for 
a finite time when t is small. 
Hence 
=o ý^ r=a 
1Lýpý 
... n ar2, r_o 
35(ii) 
36(i) 
36(1±) 
36(iii) 
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Substituting conditions 36 into equation 34 
results in the equation 
sDp - D4' 
(Ys. t) vý; > ýr 
=" s (Gt + sX) a 
The solution is of the form 
eýrý' +ße `rrt + 
wie re ýý . 4" 
! `/ý' ýý_ 
s(tý"* sXý 
At Q= oo; 1r3 is finite, therefore 'Bý =0 
At p=o, for a step pressure wave 
D pý r_o -N 
C) , 
37 
38 
39(1) 
440(x) 
ýý, 1tso 1- 14(&) (equation 35(i)) has a discontinuity 
at o,, varying from o -" 1. However, a continuous 
curve which tends in the limit to 1- H(E) will have a 
value of 2 at = o. 
t, o 
For a triangular wave 
eto 
Irr aý t-< -r 
<t< 39(u ) 
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Die Laplace transform of a function LP is represented 
by: -f ou 
ctý 
As AR is zero for all 
ý >2't' (equat`_on 39 (ii)) 
and T" is considered very small so that the wave approxi- 
mate' to an impulse wave, then the laplace transform is 
equivalent to the area of the wave (when plotted on P/t 
axes). 
Hence if the wave is of magnitude unity i. e. 
k 1 
then ! 0(ii) 
From equations 35 (ii) and 39(ii) it can also be seen 
that 
41 (ii) 
(-0 
Use of conditions 38,40 and 41 enable the 
constant Al (equation 37) to be evaluated resulting in the 
following solutions 
For a step pressure wave 
IS e4 42(i) 
and for a triangular wave 
ý-S- 
From the definition of 1:, using equations 33, 
18,21 and 22 and assuming the fluid to be initially in 
thermodynamic equilibrium,: - 
Qr 5ý 1+ b) 43 
ýs +a 
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where c is the no-mass transfer sonic velocity 
C' hA/ Cw 
and 
dýrs 6 v9 QNO M, 4u 
At this stage, the two limiting propagation velocities of 
the waves can be investigated. 
. 
If no-mass transfer occurs between the phases; 
ii =O. 
Therefore u=b 
Hence using equ, 
112(ii) become for Q>o. 
STEP 
Op 
TAI 
= 0. 
ition 43, equations 42(1) and 
c X-S 
s? 
=re 
Taking inverse laplace transforms 
M(t 
45 
"' 
I 
TCU 
This indicates that both waves travel at the no-mass 
transfer velocity with no wave dispersion occurring. 
If the fluid remains in thermodynamic 
equilibrium during the passage of the waves, h --" co, 
hence Q -"0 and the wave is predicted not to propagate 
through the medium. Clearly this is not consistent 
(16) 
with the theories based on thermodynamic considerations 
(Fig. 2), nevertheless as C (equilibrium) «< C (no-mass 
transfer) in low quality steam water mixtures, the 
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approximation that C (equilibrium) =0 is acceptable. 
If h is non-zero and finite, the form of Jk Q 
is such as to make the exact inverse laplace transform 
unobtainable without the use of numerical integrat; on. 
In view of the assumptions already made, such numerical 
work would have little advantage over an approximate 
analytical solution. 
S; the variable in the laplace transformation 
has a range of o ox). However, this range can be 
reduced to lie between two finite values o, < s <-býif the 
function to be transformed is zero within the-ranges 
ocs<a and b<s Coo. 
From equations 42, the functions which are re- 
quired to satisfy these conditions are 
I5 era , II r 
e(e 
both I and II-+o as s. -,. oo, but as s-o; I-, -oo and 
ii-. -r. Examination of the variables n, and b (44) show 
that as x --r o; a. -.. o and b- oo. 
The application of the condition a. <s<b 
to equation 43, therefore severely restricts the applica- 
tion of this theory to low quality medium. 
However as much experimental work in measuring 
propagation velocities of step and "thin" triangular (5) 
waves is restricted to low quality mixtures , the 
theory may still produce significant results. 
Usinc the above approximation, equation 42 
becomes (for J. > o) 
X68 
A SrEp ° eý-r-. 
FS 46 (i) 
ýýTRI 
"r eC 46 ýii) 
Step pressure wave 
The inverse laplace trans orm of 46 (i) is 
api erFc J6 
Applying the condition that at t= oo 
Lp = tpo 
1ýp Ito erFc 2ý 47 
This solution indicates no attenuation of the 
wave, only 
.a 
change in shape of the wavefront. If the 
velocity of such a wave is assumed to be characterised 
by the velocity of the midpoint of the wavefront (this 
agrees with the method of measurement used in some 
(3)(15) 
experimental work , where 
AP =A P-/2 
then 
Sf ercc (x) =4 
hence 
There 
erfc. ( P. dFý l1ü 2 (83) 
then )C 0.472 
0914 C 
fore the velocity of propagation of a step 
wave is given by 
usTiP Q"9_9y4 C,, 11 48 bt 
where t is the time elapsed since the 
initiation of the wave. 
Thin triangular wave 
Taking the inverse Laplace transform of 46 (ii), 
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and applying the condition that initially, 
results in 
ýp Apo 't T e-e 49 
2ciifL-' 
The velocity of such a wave may be considered as the 
velocity of the point of maximum pressure within the 
wave. 
i. e. when fý = 0. 
Differentiating equation 49 results in the condition 
Hence the propagation velocity-of a thin triangular wave 
is given by 
`^TRI = 
I'414 CNMT 
50 
Equations 4+S and 50 represent the velocities of small 
amplitude step and "thin" triangular waves in low 
quality bubbly mixtures. Compressibil1. ty effects are 
not accounted for in the analysis and hence the change in 
shape of the wave is due only to wave dispersion, where. 
different frequency components of the wave travel with 
various velocities and attenuations. The predictions 
of thzse equations are compared to experimental data in 
chapter 1. 
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APPENDIX C. 
Two -phase frictional pressure drop 
For a single phase flow within a pipe of diameter 
D; the frictional pressure drop over a length dQ is 
aýý ü1 edec. i 
2D 
where f is the friction factor, defined by the Blasius 
equation 
A C. 2 R" e 
d. p =F U'-' p of c. 3 There fore 
ID ý, i 
In a two phase flow, assuming the pressure-to 
be constant at each pipe crossection, for a given da., dp 
is the same whether calculated for the liquid or gas phase. ` 
Hence one can write 
c. 4 ap]Y' _ 
ýjýý 
2ý 
1 dq 
If the liquid phase flows alone in the pipe with 
the same mass flow rate as in the two-phase flow,, the 
relation. between the respective velocities will be 
uset- ,' TPA (1 - o) C. 5 
therefore C. 4 becomes 
.0 ilt 
2Dn*I 1 -0 
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and using equation C. 3 
ty \ý n 
c lSPL ýa - 
04 C. 6 
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APPENDIX D 
Derivation of. Momentum equations for each phase in a two 
phase flow 
Although the two-phase flows in the thesis are 
bubbly mixtures, it is cunvenient to consider initially a 
stratified flow model to determine the form of the 
equations and then assuming bubbly flow to estimate the 
wall friction and interphase friction terms. 
The mathematical model of the flow is as shown 
below 
OF 
LIQUID 
Fu 
Uc$&AF 
ld4 Fiý {`fix' lß'3+ ..., ^9 
&X, f'« fp 
VAPOt. R 
oC eC+ýo( 
x 
The model allows for both condensation and vaporization to 
occur within the fluid, and assumes the variation of flow 
properties to be linear along the elemental length 
LiQ. 
The increase -in momentum of liquid phase is 
given by 
MG [; i -( Qx, )]Luf. + AGX&x, uF - 
ACS OZL, uy +i _(I y -(us -euf)1 
and neglecting second order incremental terms this becomes 
A fx (i -x) L' Uc - 
AC, L x., 
(U 
- uc) 
D. 1 
The increase in momentum of the vapour phase is 
RGr L7, ) pug + AG% Lx, ýý 9+ RG &XI u+ L111-(UF ýe FIý 
AG [1Ulýj + RG dx, (U9- ltf) 
D. 2 
X73 
The sum of the forces acting on the liquid phase 
is 
ßC(t-a)P-(i-a-lýa)(P+pP)-ýA+t2P)Lcc]-F, L +FjM 
which reduces to 
-F (i-«)AP-FW1Q- 1QQ D"3 
Similarly, assuming that the vapour phase is distributed 
so as not to be in contact with the conduit wall, the sum 
of the forces on the vapour phase can be shown to be: 
-A o(LP - 1-1 LQ D. 11 
Equating expressions D. 1, D. 3: and D. 2, D. 4 and using 
the equations 
G (! - xi a PfUF(i-o() 
Gx u9d. 
The momentum equation of the liquid phase ist 
AP +F_ý = pfUEQUF -&däz(-Uc) D. 5 
and for the vapour phase i-- 
-LIP -Fi LQ = p31t 
L\ Us +G LX, (U9 -UF) D. 6 
Aa 
Restrictions to a bubbly mixture 
If the two-phase flo'; is assumed bubbly with no 
bubble in direct contact with the pipe wall, the effect of 
wall friction will act only on the liquid phase and 
is equivalent to the two-phase frictional pressure drop. 
i. c. r_ &-P D-7 fl a) pQ TP 
1711 
Assuming the average fluid density to be 
and that there exists N bubbles per unit mass of 
the fluid, then the number of bubbles in the elemental 
volume is 
NpF(i-0) (; Q 
The interphase friction'force in a bubbly 
mixture depends on the drag force acting on an indi- 
vidual bubble. Assuming this to be represented by I;; 
then in a unit length of tub'. 
ri -ND. p, (i - o(, ) A 
Substituting equations D. 8 ard D. 7 into D. 5 
and D. 6, the momentum equations become 
Linuid 
D. 8 
pir uF a <F _ 1G 
(u9 ' Ul) ox, =-°? - °pý +Nn, PF D. 9 at Li c d2 7P 
Vapour 
i 
P9 u9 El- ;F '4- 
G (u9-Uf) NDoPF(1ä D. 10 
If it is assumed that either condensation or 
evaporation occurs within the fluid, then either Liac, 
or L, x, is zero. 
In a flashing system as described in chapter 7; 
ýx1ý o and in an air/water system (chapter 6) ,- where 
no mass transfer occurs between the phases; Qxl = Qxz =0 
The & /i terms in equation D. 9 and D. 10 
represent the increase in momentum of the mass trans-- 
ferred between the phases during the flow. In an 
17J 
evaporating flow (6-x,, ao) it is expected that the term 
an 
(U (equation D. 10) is small compared to - 
ie G(uL9 - Uli) 1.0 
Using the equation for G (equation 7.20) and assuming 
the mass flow of vapour phase to be small, this can be 
written 
Pý uF (c-- t) ex/. tee « 1.0 
The L. Ji. S. will be a maximum when either Lx/At is a 
maximum or X and Qp/L( are minima. 
In a choking two-phase one-component flow, the 
rate of veporfzation is a maximum at the outlet of the 
flow. tube. However if the fluid deviates from a state 
of thermodynamic equilibrium &X/ &t is finite at this 
point, whereas dý/hQ is infinite and X. is a maximum. 
Condition D. 11 is clearly satisfied. 
The minimum values of x and LPI&Z are 
6_ 
X= xxo (=i0 ; section 8.1.1) and &P/Lt = Ai/&j 
sR- 
?. E OF PF , 
which both occur at the initiation of a 
D 
flashing two-phase flow. 
Using the rate of vaporization equation 
(section 7.6) and equation 3.46, condition D. 11 becomes 
4.83 Nh (c-i) (T-TS) 
V9ý' xö s IF pF Lip hFs 
Substituting the limiting values of flow variables which 
make the above' expression a maximum 
ie N= 10' [Ili' ] xo 10-' ;2f0.1 [f ]; uF - 30 [ftfsec] 
D. 11 
U i1 
For a steam/water mixture the condition reduces to 
h (d-1)(T-TS) «< 1.0 
9 
h may be considered to have an approximate value of 
2 (t3) 
1.0 BTU/ft sec0F and Ua maximum value of 1.1 
(although when the bubbles are small, a slip velocity 
ratio of unity may be expected). The superheat required 
to initiate the flashing of untreated water in a cylind- 
rical tube will certainly be no larger than 50F 
(95) 
. 
Again condition D. 11 is satisfied. 
Hence it is likely that the omission of the 
term a (us-UFA` from equation D. 10 will not cause sig- 
nificant errors in the solution of the equations describ- 
ing a two-phase one-component flow. This has been 
verified by solving the equations with and without this 
term, the results showing a variation of approximately 1%. 
In a condensing flow, where &x, = o, it can 
similarly be shown that the term ýý=«ýýýý-uF 
Vea is 
negligible in equation D. 9. 
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APPENDIX E 
C iservation of Energy Equation 
In a horizontal adiabatic system, the steady 
flow energy equation reduces to 
t_ constant E. 1 
2J 
where h is the enthalpy of the fluid 
. ý. 
&+u du q E. 2 
3' 
For a two-phase system 
h= (ý-xý hF + xhg E-3 
For small quality (x« 1) equation E. 2 becomes 
c Vlf- - 
(ky-IF) dac + OF u: 0E. 4 
Now h-h; = latent heat of vapourization (hfg) 
Aloo using the thermodynamic relation 
dkr - C,,, c1. T E. i 
the energy equation is therefore 
ý1F9 dx - C, cl: 
r - OF E. 6 
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Nomenclature 
Interphase area per unit mass of two-phase 
mixture (ft. 
2). 
Crossectional area of flow tube (ft. '). 
0.1 Length "thickness" of triangular wave (ft. 
2). 
b Parameter defined by equation 44 (Appendix 
-1 
B) (sec. ). 
G Sonic velocity (ft. /sec. ). 
CO Drag coefficient. 
(68) 
Co Zuber distributional parameter. 
0 
CN Specific heat of liquid phase (BTU/lb. F). 
D Pipe diameter (ft. ). 
Do Total drag force acting on bubble (equation 
2 
6.19) (ft. lb. /sec. ). 
d Bubble diameter (ft. ). 
cL "Form" drag force acting on spherical body 
2 
(ft. lb. /sec. ). 
E Bulk modulus of elasticity (lb. /ft. 
2). 
E Internal energy (BTU/lb. ). 
F Friction factor. 
-1 F Wave frequency (sec. ). 
-1 FR Bubble resonance frequency (sec. ). 
F General flow property. 
F. Ji Wall and interphase frictional force per unit 
2 
length of flow tube (lb. /sec. ). 
2 G Specific mass flow rate (lb. /ft. sec. ). 
SC Gravitational constant. 
20 h Heat transfer coefficient (DTU/ft. sec. F). 
h Enthalpy (DTU/lb. ). 
179 
h Latent heat of vaporization (BTU/lb. ). 
22 
Mechanical equivalent of heat (lb. ft. /sec. BTU). 
K Thermal conductivity of liquid phase (BTU/ft. 
0 
sec. F). 
It Distributional parameter. 
-1 
Attenuation constant (ft. ). 
-1 
;T Attenuation constant within a tube (ft. ). 
Length (ft. ). 
mº Empirical constant defined in equation 7.14. 
n Polytropic index of gas phase. 
1? 1,11 Indices defining form of velocity and voidage 
profiles. 
-1 
N Number of bubbles per unit mass of mix (lb. ). 
rfýA Jakob number (CF (TF - Ts) Ag fg PF 
nJLL Nusselt number (hD/K). 
Ný Variable defined by equation 5.12. 
2 
P Pressure (lb. /ft. sec. unless otherwise stated). 
Pa Critical pressure ratio. 
P,. Pandtl number (p. Cw/ii) . 
Pe Peclet number (4UR/21t) . 
(L Volumetric flow voidage. 
Heat, addition (BTU/lb. ). 
R Flow tube radius (ft. ). 
r bubble radius (ft. ). 
Re Reynolds number (Utp/1, p). 
0 
5 Entropy (BTU/lb. F). 
S Laplace transform parameter. 
t Time (sec. ). 
0 T Temperature of liquid phase ( F). 
TS Saturation temperature (generally bubble 
o temperature) ( F) 
180 
U. Velocity (ft. /sec. ). 
_ USPL' 
Bubble terminal velocity (ft. /see. ). 
Wave velocity in any infinite medium. 
3 
V Area average specific volume (ft. /lb. ). 
3 
`/M Momentum average specific volume (ft. /lb. ). 
V Kinetic energy average specific volume 
(ft. 
3 
/'lb. ). 
W Mass flow rate (lb. /sec. ). 
DC Mass dryness fraction (quality) (= G9/G). 
V- Tube wall thickness (ft. ). 
Z Acoustic impedance of infinite medium 
3 
(lb. /ft. sec. ). 
2 
ZT Acoustic impedance within tube (lb. /ft. sec. ). 
oC Area dryness fraction (voidage) (= Ag/A). 
Fraction of equilibration. 
Volumetric flow voidage. 
Isentropic index of gas phase. 
Change in quality due to evaporation within 
incremental length. 
DýC2 Change in quality duq to condensation within 
incremental length. 
(J T/dr) 
5 Radial temperature gradient at bubble 
0 
surface ( F/ft. ) . 
2 
Compressibility (ft. sec. /lb. ). 
2 
Thermal diffusivity (ft. /sec. ). 
no Parameter controlling the rate of mass transfer 1.2 20 
(equation 7.36) (BTU/ft. sec. F). 
1 81 
}ýS Parameter controlling the rate of mass 
2 20 
transfer (equation 7.43) (BTU/ft. sec. F) . 
Eý Angle of inclination of the flow to the hori- 
zontal. 
Annulus thickness (ft. ). 
Dynamic viscosity (lb. /ft. sec. ). 
x Martinelli parameter (equation 6.2). 
3 
p Density 
(lb. /ft. ). 
P Mean density across section of flow tube 3 
(lb. /ft. ). 
p- Local slip velocity ratio. 
O, APP 
Apparent or measured slip velocity ratio. 
2 
Viscous shear stress (lb. /ft.. sec. 
Time "thickness" of triangular wave (m. sec, ). 
-1 
Angular velocity (sec. ). 
Subscripts 
A Air phase. 
w Water phase. 
Liquid phase. 
9 Vapour phase. 
TP Two phase. 
$PL Single phase liquid. 
SPQ Single phase gas. 
HMr No mass transfer. 
Eq Thermodynamic equilibrium. 
CRI-r/c Value of property at the "choking" condition. 
C Exit flow property. 
s Constant entropy. 
SPIT Evaluated along the saturation line of the 
P/V diagram. 
Iß2 
T; bubble surface. 
R Reservoir. 
Pipe inlet. 
= Total or within a flow tube. 
M Mixture. 
STEP Of step pressure wave. 
5, Ne Of sinusoidal pressure wave. 
TRIIIMP Of triangular or impulse pressure wave. 
'i ý3 
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